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Abstract 

In this paper we study weighted Hardy-Sobolev spaces of vector valued functions 
analytic on double-napped cones of the complex plane. We introduce these spaces 
as a tool for complex scaling of linear ordinary differential equations with dilation 
analytic unbounded operator coefficients. As examples we consider boundary value 
problems in cylindrical domains and domains with quasicylindrical ends. 
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1 Introduction 

1.1 Motivation and structure of the paper 

Complex scaling method has a long history in mathematical physics, going 
back to the original work of Combes [1]. The idea was developed by Aguilar, 
Balslev, Combes, and Simon in [2,3,4]. Van Winter independently studied 
the complex scaling method invoking a technique of spaces of analytic func- 
tions [5,6], however this approach did not get ensuing development. Further 
substantial steps were maid by Simon [7] , Hunziker [8] , Gerard [9] , a microlo- 
cal approach to the complex scaling was devised by HelfFer and Sjostrand [10]; 
for a historical account see e.g. [11]. More recently, a version of the microlocal 
approach [10] appeared in the paper [12] by Wunsch and Zworski. Mazzeo 
and Vasy [39] implemented the complex scaling for studying the Laplacian on 
symmetric spaces. 

The complex scaling method is widely used in mathematical physics as an 
effective tool for meromorphic continuation of the resolvent. Beyond that 
point, the method is finding increasing use in the construction of artificial 
perfectly matched absorbing layers for reliable numerical analysis of problems 
of mathematical physics, see e.g. [15,16,17,18,19]; here the original idea is due 
to Berenger [13]. In spite of attracting a lot of attention, the method of com- 
plex scaling itself is poorly explored for boundary value problems in domains 
with quasicylindrical ends (quasicylindrical ends are unbounded domains that 
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can be transformed in a neighbourhood of infinity to a half-cylinder by suit- 
able diffeomorphisms). To the author's knowledge, in this setting there are 
only results obtained by applying the modal expansion method in cylindri- 
cal ends. The modal expansions immediately justify the complex scaling, see 
e.g. [14], but unfortunately the class of problems, where modal expansions can 
be employed, is quite narrow. On the other hand, a theory of elliptic bound- 
ary value problems in domains with quasicylindrical ends or with cusps was 
developed by Feigin [20], Bagirov and Feigin [21], Maz'ya and Plamenevskii 
[22,23], see also Kozlov et al [35,36] and references therein. Nevertheless an- 
alytic properties of solutions that may be used for the complex scaling are 
beyond the scope of this theory. We first need analyticity of solutions with 
respect to a local coordinate in a neighbourhood of infinity. In the case of a 
cylindrical end, this coordinate is the axial coordinate of the cylinder, for a 
quasicylindrical end it is a curvilinear coordinate along the quasicylinder. It is 
natural to assume that the coefficients of operators, the right hand side of the 
problem, and the boundary arc analytic with respect to only that local coordi- 
nate. In particular, we will be interested in behavior of analytic continuations 
of solutions as the coordinate tends to infinity in a complex sector. 

In order to study analytic properties of solutions near infinity, we implement 
a special localization procedure in every quasicylindrical end. This procedure 
preserves the analyticity of solutions in the neighborhoods of localization. 
The localized solutions satisfy some subsidiary problems in infinite cylinders, 
our task reduces to studying of complex scaling for the subsidiary problems. 
In many instances one can treat the subsidiary boundary value problems in 
infinite cylinders as linear ordinary differential equations with unbounded op- 
erator coefficients. We develop the complex scaling for these equations. 

In many approaches to the complex scaling, original and scaled operators are 
studied at first separately, and then the relations between them are clarified 
with the help of a sufficiently large set of analytic functions. Our approach 
is principally different: we consider the original and scaled operators as one 
operator acting in spaces of analytic functions. Namely, we study differen- 
tial operators with unbounded operator coefficients in Hardy-Sobolev spaces 
of analytic functions. Here we essentially rely on methods of the mentioned 
above theory of elliptic boundary value problems. In this paper we are mainly 
concerned with the Hardy-Sobolev spaces. Exploring the complex scaling, we 
restrict ourselves to a relatively simple case, assuming that the values of pa- 
rameters are limited so that the operators are Fredholm. A more general case 
will be considered elsewhere. 

The structure of the paper is as follows. We start with a detailed outline of 
the paper in Section 1.2, where we formulate our results in a simplified form 
and illustrate them by some examples. The main text consists of three parts 
(Sections 2-4) plus Appendix. Section 2 is devoted to a close examination 
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of weighted Hardy spaces of functions analytic on double-napped cones of 
the complex plane. In these spaces we consider Frcdholm polynomial operator 
pencils, Section 2.4. In Section 3, by means of the Fourier-Laplace transforma- 
tion, we pass from the Hardy spaces to the Hardy-Sobolev spaces and study 
properties of the latter. Finally, results of Sections 2 and 3 are applied in 
Section 4, where we investigate linear ordinary differential equations with un- 
bounded operator coefficients. Every section is equipped with a short outline. 
Some technical proofs of Section 2 are located in Appendix. 

1.2 Outline and examples of applications 

Let if G (0, tt] and let e*'^M stand for the line {A G C : ^^A = 3f?Atan(/9} in the 
complex plane C. By /C^ = {A G C : A = e^^^, ^ ^ 0, ^ G (0, v?)} we denote the 
open double-napped cone. We define the Hardy class X) of analytic 

functions K,"^ 9 A h- > G X with values in a Hilbert space X as a class of 
all the functions T satisfying the estimate || J^; L2(e*'^]R; X) || < Const{T) for 
ip G (0, </?). Here L2{e^^'R;X) is the space of all square summable X— valued 
functions on e^'^R. The functions g ^(/C^; X) can be extended to almost 
all points of the boundary dlC^ = e*'^R U R by the non-tangential limits (i.e. 
by the hmits of ^(A) in X as A goes to G dJC^ in /C^ by a non-tangential to 
dJC^ path). The extended functions satisfy the inclusions G L2(M;X) and 
G L2(e*'^R;X); in the case (p — n we distinguish the banks hm^_^o+ e^'^M. 
and lim^^(^_ e'^^R of the boundary dK^. The Hardy class Jif{}C'^; X) endowed 
with the norm 

II J^; J^(}C^; X) II = ||JF; L2(R; X) || + || J^"; L2(e^'^R; X) || 

is a Banach space. For any ip G [0, ip] we can identify the elements J-' G 
jr(/C'^;X) with their traces JT^^i^^G L2(e^^R;X), then jr(;C^;X) is dense 
in L2(e'''^R; X). As is known, the Fourier transformation yields an isometric 
isomorphism of the space L2(R;X) onto itself. It turns out that the Fourier 
transformation also yields an isometric isomorphism between ,3^\fC'*^\ X) and 
a Hardy class H(i^'^;X) in the dual double-napped cone K"^ = {2; G C : 
z — e~^'^t,t ^ O,'0 e (0,99)}; here the elements of the Hardy classes are 
identified with their traces on R, the class H{K'^;X) is defined in the same 
way as .J^iJC^; X). Note that spaces similar to (/C^; X) and H{K'^; X) were 
considered in context of the complex scaling method by Van Winter [5,6]. 

We introduce the weighted Hardy class J(f^{}C'^; X), ^ G R, that consists of 
all functions analytic in the cone fC^ and satisfying the uniform in G (0, (f) 
estimate 

11(1 + 1 ■ |2)^/2_^(.);L2(e*^R;X)|| < Const(^). (1.1) 
Let #'^(e*'^R;X) denote the weighted L2-space with the norm equal to the 
left hand side of the estimate (1.1). The class J^^(/C'^;X) supplied with the 
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norm 

\\T;M'\1C'^-X)\\ = \\J^-W\^-X)\\ + ||J^;^^(e*m;X)|| 

is a Banach space. We extend the functions JF G M'^'iK^] X) to almost all 
points of the boundary dKy by the non-tangential limits. Here again we can 
identify the elements T G J^^(/C^;X) with their traces JFfgiv-K for any -0 e 
[0,(/?], then ^\1C^\X) is dense in >r^(e^^R;X) . As is known, the Fourier 
transformation maps >^^(R;X) to the Sobolev space W^(R;X) of tempered 
distributions with values in X; see e.g. [28]. Clearly the Fourier transformation 
also maps ^^(/C^;X) to some subset W\K^;X) of W^(M;X), H^(/s:^;X) is 
dense in W^(M;X). It turns out that W^K^p-.X) is the Hardy-Sobolev space 
of order i. In the main text we suppose that £ is a real number, but in this 
introductory part we restrict ourselves to the case of nonncgativc integer i. 
In this case the Hardy-Sobolev space W^iK^^] X) can be introduced as a space 
of all functions F e W{K'^\X) such that the complex derivatives D\F ^ j = 
!,...,£, are also in the space H(/r'^; X). We define the norm in H^{K'P; X) by 
the equality 

H^(i^^;X)|| = \\DiF; H(i^^;X)||. 

j=0 

For any ^jJ G [0, (p] the space H^{K'P; X) can be viewed as a space of functions 
on the fine e'^'^R, then H'^{K'P; X) is dense in the Sobolev space W^(e-*'^R; X). 
Note that for £ > 1 the functions from H^K^^; X) are in the class C'^~'^(K^; X) 
of £ — 1 times continuously differentiable functions in the closure K^. For a 
fixed e [0,ip] the Fourier transformation 

F{z) = ^= f e''^T{\) dX, z e e'^^R, 

\/27r Je^^R 

defined first on the smooth compactly supported functions e^'^R 3 \ ^ 
JF(A) G X, can be extended to an isomorphism between y^^(e*'^R;X) and 
W^(e-*^R;X), and also between ^^(/C^;X) and H\K^;X). 

Boundary value problems in infinite cylinders and differential equations with 
operator coefficients arc traditionally studied in a scale of Sobolev spaces with 
exponential weights; see [35,36] and references therein. Therefore we introduce 
the exponential weight function : z i— > exp(— i^^;), where C is a complex 
weight number. We also want to shift the vertex of the cone K'^ to a point 
w of the complex plane, let = {z e C : z - w e K'^}. By V\\{K^-X) 
we denote the weighted Hardy-Sobolev space that consists of all functions F 
such that (e(;F)(- - w) G V\%K'P;X). As the norm of F in H^(if^;X) we 

take the value \\(e^F){- - w)]H\KP]X)\\. Similarly we define the weighted 
Sobolev space -|- w; X) that consists of all functions F such that 

(e^F)(- - w) G W^(e-^'^R;X); here e'^'^R + w denotes the line G C : 
z — w & e~'"^R}. Let us stress that the behavior of the weight of the space 
W^(e~'^R -I- w] X) depends on the angle ip. For a fixed tp G [0, (^] the inverse 
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Fourier- Laplace transformation 



jr(A) [ e-'^'F{z) dz, A e e'^^R + (, (1-2) 

can be extended to an isomorphism between W^(e~*'^M-|-'u;; X) and #^(e*'^M-|- 
C; X), where ^^^(e^'^M + C; ^) is the space of functions e*^R + C 9 A ^ :r(A) e 
X with the finite norm 

11^; W^ie'^R + C; X) \\ = || exp{tw{- - C)}^(- - C); ^\e^^R; X) ||. 

Let /C^ = {AeC:A — Ce/C'''}be the cone IC^ shifted by the weight number 

By J^(/C^;X) we denote the weighted Hardy space that consists of all 
functions such that exp{iw}J^(- - () G je^{IC^; X). The norm in J^^(/C^; X) 
is given by 

\\j^;M'^i}Cl,x)\\^\\eMM--C)W--C);^\)C^;X)\\. 

Then the extended Fourier-Laplace transformation (1.2) yields an isomor- 
phism between the weighted Hardy-Sobolev space H^^{K!^; X) (^G W^(e^*'^]R + 

w; X)) and the weighted Hardy space ^^(/C^; X) (c W^{e'^R + C; X)) . This 
enables us to adapt methods of the theory of ordinary differential equations 
with unbounded operator coefficients developed in the scale of Sobolev spaces 
Wj(R;X) (see e.g. [35]) to the case of the Hardy-Sobolev spaces Hj(X^;X). 

The main purpose of this paper is to study the weighted spaces J^J,{)C'^] X) 
and H^(ir^; X). Nevertheless, we demonstrate how to treat the complex scal- 
ing of differential equations with unbounded operator coefficients in terms of 
the weighted Hardy-Sobolev spaces. We also give examples of applications to 
boundary value problems in cylindrical domains and in domains with quasi- 
cylindrical end. Before presenting our results on the complex scaling, we give 
some preliminaries. 

Let Xj denote a Hilbert space with the norm || ■ We introduce a set {Xj}^Q 
of Hilbert spaces such that \\u\\j < \\u\\j+i and Xj^i is dense in Xj for all 
j — 0, ...,m — 1. Let {Aj e ^{Xj, Xq)}'^^^ be a set of operators, where 
^{Xj,Xo) stands for the set of all hnear bounded operators Aj : Xj — > Xq. 
We start with the differential equation with constant operator coefficients 

ni 

J2 Am-jDl<t) = F{t), t e M, (1.3) 

i=o 

where Dt = —idt. Assume that the operator 21(A) = I]jLo^m-i^'' from 
ef^(Xm, Xq) is Fredholm for all A G C and is invertible for at least one value of 
A. Under these assumptions the operator 21(A) is invertible for all A G C except 
for isolated eigenvalues of the operator pencil C 9 A i— > 21(A) G <^(X^,Xo). 
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These eigenvalues are of finite algebraic multiplicities and can accumulate only 
at infinity. We also assume that there exists R > such that for all f & Xq 
the estimate 



m 



^|A|i2l-i(A)/|U_,<c||/||o, XeR,\X\>R, (1.4) 

j=0 

is fulfilled. The assumptions we made are widely met in the theory of differen- 
tial equations with operator coefficients, they are satisfied in many applications 
to boundary value problems for partial differential equations; see e.g. [35,36] 
and references therein. The assumption (1.4) in particular guaranties the ex- 
istence of an angle e (0, 7r/2) such that for any ( E C and any ip e (0, t?) 
the closed dual cone /C^ contains at most finitely many eigenvalues of the 
operator pencil 21, the estimate (1.4) remains valid for all A e /C^, |A| > R; 

see [35, Proposition 2.2.1]. One can find ( E C and ip e (0,1?) so that /C^ is 
free from the spectrum of 21. In this paper dealing with complex scaling we 
restrict ourselves by the assumption that /C^ is free from the spectrum of 21, 
a more general case will be considered elsewhere. 

In the remaining part of this subsection we assume that (f e (0, •&). 

We introduce two scales of Banach spaces 

m m 

D-(M)= nwp(M;X,), |KD-(M)|| = ^|KWp(M;X,.)||; (1.5) 

j=0 j=0 
m m 

D^W) = n ^r'i^o;Xj), \\u; D^iK^)\\ = Y.\\u; H^'^ (K^; Xj)\\. (1.6) 

i=o j=o 

We can identify the functions u G D"''{Kq ) with their non- tangential boundary 
limits m|"rG D™(M). The space D™(A'q ) viewed as a space of functions on M is 
dense in D^(M), the space D^(M) does not depend on As is well-known [35, 
Theorem 2.4.1 and Remark 2.4.2], the operator 2t(A) : D^(R) W^(M;Xo) 
of the equation (1.3) yields an isomorphism if and only if the line M + C is 
free from the eigenvalues of the pencil C 3 X ^ 2t(A) G ^{X^, Xq); if there 
is an eigenvalue of the pencil on the line M -|- C then the range of the operator 
21(A) : D^(K) ^ WO(M;Xo) is not closed. 

Note that if the line R + ^ is free from the eigenvalues of the pencil 21 then 
for a sufficiently small angle ip the closed dual cone /C^ is also free from the 
eigenvalues of the pencil 21. Now we are in position to formulate some results 
on the complex scaling. 

Theorem 1.1 Assume that the closed dual cone IC^ is free from the eigenval- 
ues of the pencil C 9 A i-* 2t(A) G ^{X^, Xq) . Then the following assertions 
hold, (i) The operator %{Dt) : D^(X^) ^ HO(/s:^;Xo) of the equation (1.3) 
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yields an isomorphism; here the analytic in Kq functions u G D™(Xq'), F G 
H^(-{Kq\Xq) are identified with their boundary limits u fjjG D™(R), F fjjG 
W°(M;Xo). (ii) Let u G D™(R) be a unique solution to the equation (1.3) 
with right hand side F G H'^{Kq;Xq). Then u G D^{Kq) and the function 
M 3 t ^ v{t) = u{e'~^'^t) G Xm is a unique solution v G D^i^^(R) to the 
scaled equation ^{e''^Dt)v{t) = F{e-'n), t G R. 

As an example of application of Theorem 1.1 we consider the Dirichlet problem 
in the cyhnder C — {{y,t) : |/ G f2, t G R}, where Q is a domain in R"~^ with 
compact closure and a smooth boundary. We introduce the differential oper- 
ator ^{y,Dy,Dt) = J2Y=oAm-j{y,Dy)Di, where Am-j{y,Dy) are differential 
operators with smooth coefficients. Consider the Dirichlet problem 



here = d/du and u is the outward normal. Suppose that 2k/ m is an in- 
teger and the order of Aj does not exceed 2kj/m for j = 0, . . . ,m. To the 
problem (1.7) there corresponds the operator pencil 



where Xq = L2(0), X„, = {U e W^''{n) : diU = on dn,j = 0, ... ,k - 1}; 
here VF^*^(fi) stands for the Sobolev space of functions in fl. Assume that the 
operator =5? (y, Dy, Dt) is {2k, m) — eUiptic, then the operator 21(A) is Predholm 
for all A G C, the estimate (1.4) is fulfilled for a sufficiently large i? > 
and for all / G Xq; see [35, Section 2.5], where the unique solvability of the 
problem (1.7) is studied. Recall that (2 A;, 2A;)— elliptic operators are standard 
eUiptic operators of order 2k, the class of {2k, 1)— elliptic operators includes 
parabolic operators. 

Wc set Xj = nX,„. The coefficients Aj{y, Dy) satisfy the inclusions 

Aj G I^{Xj; Xq). In this case the space W°(R;Xo) is the weighted space of 
square summable functions with the norm ||e^F; L2(C)||; here is the same 
exponential weight function as before. The Hardy space V\^(-{Kq ; Xq) consists 
of analytic functions Kq 3 z ^ F{z) = F{-,z) G L2(fi), the elements of 
V\^(^{Kq ; Xq) arc extended to almost all points of the boundary dK^. For any 
angle tjj G [0, the set of functions {R 3 t ^ F{e-''H) : F G H'^^{K^ ; Xq)} 
is dense in the space W°_i^^(R;Xo) . The space D^(R) introduced in (1.5) 

consists of all functions u such that Cf^DyDlu G I/2(C) for \a\ -\- 2kj/m < 2k 
and diu = on dC ior j = 0, . . . , k — 1. The elements of the space D™(i^^) 
defined in (1.6) are analytic functions K"^ 3 z u{z) = u{-, z) G X^ extended 
to almost all points of the boundary dK^ by the non-tangential limits. For 
any ip G [0, cp] the set of functions {R 9 i i-^ u{e~^'^t) : u G D"(i^r^)} is dense 
in D™,^ (R). 



^{y, Dy, Dt)u{y, t) = F{y, t), {y, t) G C, 
diu{y,t)^0, {y,t)edC, j^O,...,k-l; 



(1.7) 



C3X^ 21(A) = JSf (y, Dy, A) G ^{X^, Xo), 



(1.8) 
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Suppose that the right hand side F of the boundary vahie problem (1.7) is 
in the Hardy space H°(fCg'; Xq). The Dirichlet problem (1.7) has a imique 
solution u e D^(M) for any F e W^(M;Xo) if and only if the hue M + C 
is free from the spectrum of the operator pencil (1.8); recall that the spaces 
D^(R) and W^(R; Xq) do not depend on 3?^. If the hne R + C is free from the 
spectrum of 21 then the results of Theorem 1.1 are valid provided that (/? is a 
sufficiently small angle. By Theorem 1.1 a solution u G D™(M) belongs to the 
space D^[Kq) C H^(^{Kq; Xq); moreover, the function v{y,t) = u{y,e~'^'^t) is a 
unique solution v e D^i^^(M) to the Dirichlet problem 

^(y, Dy, e'^DMV: t) = HV: e-'n), (y, t) e C, 
div{y,t)^0, {y,t)edC, j^O,...,k-l. ^ " ' 

The problem (1.9) is related to the original problem (1.7) by the complex 
scaling with the scaling coefficient e^"^. Similarly we can consider complex 
scahng of problems in the cyhnder C — {{y,t) : y E E M}, where Q is a 
smooth compact manifold with or without boundary. 

Now we consider the differential equation with variable operator coefficients 

m 

+ Qm-At))Dluit) = F{t), t e M. (1.10) 

j=0 

Here the coefficients Aj are the same as in the equation (1.3), the coefficients 
Qj{t) are operator functions M 9 t i— > Qj{t) G ^(Xj,Xo) that are dilation 
analytic in the following sense: 



i. for a large T > and some a > the coefficients Qo, . . . , Qm can be extended 
to holomorphic operator functions 

{z eC: -a< arg{z -T) <0}3 Qj{z) G ^(X^, Xq); 



ii. the values \\Qj{z); ^{Xj, Xq)\\, j = 0,...,m, uniformly tend to zero as z 
goes to infinity inside the sector {2; G C : —a < Bxg{z — T) < 0}. 

As before we denote 2t(A) = YJjLo^m-j^^ ■ The next theorem presents the 
results of Section 4.2 in a simplified form. 

Theorem 1.2 Assume that the right hand side of the equation (1.10) is a 

compactly supported function M 9 t 1— F{t) G Xq, and there are no eigenvalues 
of the operator pencil C 9 A 1-^ 21(A) G i^(Xm,Xo) in the closed dual cone 
K!^, where C G C and ip does not exceed the angle a from the conditions i, ii. 
Let T be a sufficiently large positive number. Then a solution u G Dp(M) to 
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the equation (1-10) can be extended to a holomorphic function 



{z eC: aig{z -T) <0}3 u{z) G X, 



m 



satisfying the uniform in ip & [—</?, 0] estimate 



j=0 




here — —^{d^z ~ id<^z) 'is the complex derivative. 



In order to illustrate Theorem 1.2 we consider an elliptic boundary value 
problem in a domain ^ C M" with quasicylindrical end. We assume that the 
boundary dQ of Q is smooth, the set {a; G ^ : a;„ < 1} is bounded, and 
the set {x E Q : Xn > ^} coincides with the horn-hke quasicyhndrical end 
{x = {x',Xn) e MP : a;~"a;' E fl,Xn > 1}, where a < and is a domain in 
M"~i with compact closure and smooth boundary. We introduce the Dirichlet 
problem 



^{D,)v{x) = fix), xeG; div{x) = Q, xedg,j =Q,...,k-l, (1.11) 



for a 2k order eUiptic differential operator ^(D^) — ^{Dy.i,Dx^) with con- 
stant coefficients. The quasicylindrical end {x E Q : Xn > 1} can be trans- 
formed into the half-cylinder Ca = {iy,t) : y E Q,t > [1 — by the 
diffeomorphism {y,t) = >i{x',Xn) = {x'^'x', (1 — a)~^a;^~"). Let x be a smooth 
cutoff function such that x(a;) = for xi < 2 and x(a;) = 1 for xi > 3. li v is a 
solution to the problem (1.11) then the function u{y, t) — (xv) o x~^{y, t) ex- 
tended from Ca to the remaining part of the cylinder C = {(y, i) : y £ Q, t £ R} 
by zero satisfies the Dirichlet problem 



Here C{Dy, Dt) denotes the homogeneous part (of order 2k) of ^{Dy, Dt), the 
operator ^{D^i, Dx^) written in the coordinates {y, t) G Ca is decomposed into 
C{Dy,Dt) and Q{y,t, Dy, Dt); without loss of generality we can assume that 
Q{y, t, Dy, Dt) = in C\Ca- The subsidiary problem (1-12) can be represented 
in the form of the equation (1.10). The coefficients Qj{y, z, Dy) G ^{Xj,Xo) 
of the operator Q{y,t,Dy,Dt) = J2Y=oQm-j{y,t, Dy)Dt are dilation analytic 
in the sector {z E C : \ arg(2; — T)| < a}, where a > is an angle, the spaces 
Xq, . . . , Xjn are introduced in exactly the same way as for the problem (1.7). 
The operator 2t(A) = C{Dy, A) : X^ — »■ -'^o is Predholm for all A G C and 
the estimate (1.4) is valid for a sufficiently large i? > because =Sf is elliptic. 
We suppose that the right hand side / of the problem (1.11) is a smooth 
compactly supported function. Then F in (1.12) is also smooth and compactly 
supported. Theorem 1.2 can be applied. As a result we have: if for a fixed C £ C 



(£(£>„ Dt) + Q(y, t, Dy, Dt))u{y, t) = F{y, t), {y, t) G C, 
diu{y,t)^0, {y,t)edC,j^O,...,k-l. 



(1.12) 
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the line R + C is free from the eigenvalues of the pencil C 9 A i— > 21(A) and 
v{x) — v{x',Xn) is a solution to the problem (1.11) such that 

J2 I ^ \\exp{-tCt)DlvoH-\;t)\\l_^dt<oo (1.13) 

then for a sufficiently large number T > and an angle (p > the solution v 
can be continued to a holomorphic function 

e C : |arg(^-r)| < ip} 3 z^vox~\-,z) G (1.14) 

satisfying the uniform in -0 e [— <y9, estimate 

^ II eM-iCe'n)Div o e'H + T)) \\l_,dt < C (1.15) 

j=0"^(l-«)" 

with a constant C. The condition (1.13) provides the inclusion u e Dp^(M) 
for the solution of (1.12). Since the function (1-14) is holomorphic we can 
perform the complex scaling of the problem (1.11) with respect to the co- 
ordinate z in the conical neighbourhood {2; e C : | arg(2; — T)| < (^} of 
infinity. The estimate (1.15) with the weight number C, & C controls the be- 
havior of the scaled solution at infinity. Prom properties of the holomorphic 
function (1.14) satisfying (1.15) it follows that for any > and j > the 
value I exp(— i^z)||z|^/^+-^||L>^vox~"^(-, ^)||to uniformly tends to zero as 2; — > 00, 
I arg(^ ~T)\ < (p — (f). 

Statements of elliptic problems in domains with quasicylindrical ends in scales 
of weighed Sobolcv spaces and properties of solutions were studied in many 
works [20,21,22,23,35,36] and others. In particular, from the known results 
it follows that if the line M -|- C is free from the eigenvalues of the pencil 
C 3 \ ^ m(A) and the right hand side / e C^(Q) of the problem (1.11) 
is subjected to a finite number of orthogonality conditions then the problem 
has at least one solution (but not more than a finite number of solutions) 
V G WJ^^iQ) satisfying the conditions (1.13); here Wl^^.{Q) denotes the space 
of functions that are locally in the Sobolev space W"^{Q). The results on the 
analytic properties of the solutions to the problem (1.11) are new. Let us note 
that the assumption / G C^{G) on the right hand side of the problem (1.11) 
is made for simplicity only, one can formulate a weaker assumption in terms 
of the Hardy-Sobolev spaces using Theorem 4.8 instead of Theorem 1.2, see 
also Remark 4.9. Moreover, quasicylindrical ends of many other geometric 
shapes (e.g. quasicylindrical ends that approach a cylinder at infinity) can be 
considered by choosing suitable diffeomorphisms that map quasicylinders onto 
the half-cylinder {{y,t) : y ^ Q,t > 0}, c.f. [23] or [36, Chapter 9]. For other 
examples of applications of differential equations with operator coefficients to 
boundary value problems we refer to the books [35,36], some of these examples 
can also be considered in the scale of Hardy-Sobolev spaces. 
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2 Spaces of analytic vector valued functions 



This section deals with weighted spaces of vector valued functions analytic 
in a dual complex cone or in a half-plane. In Subsection 2.1 we introduce 
the weighted Hardy classes ^^{1C^\ X) and study their basic properties. In 
Subsection 2.2 we deal with some weighted Hardy classes in a half-plane, in 
particular we prove that these classes coincide with classical Hardy classes if 
the weight numbers are zeros. We also clarify relations between the Hardy 
classes in cones and in half-plains. In Subsection 2.3 we proceed to study the 
classes ,^^{1C^\X)\ here we rely heavily on the material of Subsection 2.2. 
Finally in Subsection 2.4 we consider Fredholm polynomial operator pencils 
in spaces of analytic vector valued functions. 

2.1 Weighted Hardy classes in cones 

Let X be a Hilbert space and let e'^M. + C = {AeC:A = e^^^ + C, e 
be the line in the complex plane C, where ip is an angle and is a fixed 
complex parameter. For £ G M and w G C we introduce the weighted L2 space 
yrj(e*^M + C; ^) of (classes of) functions e^'^M + C,3\^ T{X) G X with the 
finite norm 

\\T-W:{e^'i'^ + C;X)f^ I |exp{2mA}|(l+|A|YmA)inciA|, (2.1) 

where || ■ || is the Hilbert norm in X. The space W^{e^^M. + C,\X) with the 
norm (2.1) is a Hilbert space [24]. It is clear that the space /^(e'^^M + ri]X) 
and its norm does not change while 77 travels along the hne e*^R -|- C- Let us 
also note that 

\\T-W^\e'^^+C-X)\\ = e^^^(^-^)>||J^; yrj(e'%-FC;^)||, v G e'^'^M+w. (2.2) 

The embedding >rJ(e^^R + C; ^) C yrj(e^^R + C; X) is continuous for £> s. 

By /C^ we denote the open double-napped cone 

/C^ = {A G C : A = e^^e + C, ^ e K \ {0}, < ^ < <p} 

with the vertex ( and the angle G (0, tt]. If 93 = tt, then /C^ = C \ (M -|- C). 

Definition 2.1 We introduce the weighted Hardy class J^(/C^;X) as the set 
of all analytic functions /C^ 3 X -^(A) G X satisfying the uniform with 
respect to ip & (0, ip) estimate 

||.F;#;V^R + C;^)||<C(.F). (2.3) 
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Before we proceed further, we cite the following proposition, that contains 
some facts from the theory of Fourier transforms of analytic functions. 

Proposition 2.2 1. Let $ be an analytic in the strip 

U = {s e C : s = r + iijj,r eR,0 < ip < If} 

function taking the values in a Hilbert space X . We set ^ijj{r) = $(r + iip). 
Suppose that $ satisfies the estimate 

\\^^;L2iR;X)\\ < Canst, i/je{0,(p); (2.4) 

here L2(R; X)(= >^°(R;X)^ denotes the space of square-summable functions 
$^ : M — >• X. The following assertions are true. 

(i) The function $ has boundary limits ^q,^^ G L2(IR;X) in the sense that 
for almost all r & we have — $o('")|| — > as s tends to r by a 

non-tangential to M path, and ||$(s) — $^(r)||— >-0 as s tends to r + i(p by a 
non-tangential to M + i(p path; moreover, 

\\%-^^;L2{R;X)\\^0, V' ^ 0+; \\%-^^; L2(R; X)\\ ^ 0, i^^^p-. 

(a) For all ip e [0, </?] the following estimate holds 

\\<^^-L2{R;X)\\ < ||$o;^2(M;X)|| + \\%;L2{R;X)\\. 

(Hi) For every compact set A gH there is an independent of ^ constant C{M.) 
such that 

< C{m\^o;L2{R;X)\\ + \\%;L2{R;X)\\), s e ^. 

(iv) The value \\^{s)\\ uniformly tends to zero as s goes to infinity in the strip 

{s e n : e [4),Lp-^]}, > o. 

(v) The set {^U+i^: $ G H{Tl;X)} is dense in the space W^{R^iip;X) for 
any ip e [0, ip]. 

2. Let $ be an analytic function II 3 s ^ $(s) G X and ^tpir) = $(r + iijj). 
Suppose that $o,*<p G L2{R;X), and ||$(s)|| < const for all s G TT. Then the 
estimate (2.4) is valid. 

3. A functional 9 s i— > $(s) & X is an analytic function satisfying the estimate 
(2.4) if and only if it can be represented in the form 

2m J-oo r — s 2m J-oo r -\-up — s 
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for some *o, ^ L2{R]X). 



PROOF. These results are well-known in the case of analytic functions tak- 
ing their values in C; see e.g. [25,26,27]. The generahzation for the case of func- 
tions with values in a Hilbert space X is straightforward due to the Fourier 
transformation ^ : L2(M;X) — > L2(]R;X) that implements an isometric iso- 
morphism; see e.g. [33,34]. The Parseval equality and other facts about the 
Fourier transformation of vector valued functions can be found in [28,33], see 
also Section 3.1 of this paper. □ 

Proposition 2.3 1. Let T G J^^(/C^;X) with some £ e M, e C, and 
(p e (0, tt]. Then the following assertions are true. 

(i) T has boundary limits e >^(M+C; X) and G #'j(e^'^M+C; X) in the 
sense that for almost all points fi of the boundary dJC^ = (M + C) U (e"''M -|- C) 
we have \\J-'{X) — J-'o{l^)\\ — > as A non-tangentially tends to /i G ffi + C; o-nd 
||.7-'(A) — — >• as A non-tangentially tends to /i E e^'^M -|- (. Moreover, 

\\{e^T) o xv,,c - (e^JP-o) o xo,c; W^^R; X)\\^0, ^ 0+, 
ll(e^J^) o xv,,c - (e^J^) o x^,^; ^0^(1^;^) II ^0, ijj ^ 

where e^ denotes the weight function A i-^ cxp(iu'A) and >c^^c, '■ R ~^ e^'^M. + C, 
is the linear transformation x^^^(^) = e*^^ + C- 

Here and elsewhere we shall suppose that every element T G t^^(/C^;X) is 
extended to the boundary dlC^ by the non-tangential limits. In the case ip = n 
we distinguish the banks lim^^o+(e*'^M + () and lim^^jr-le^'^M + C) dJC^. 

(a) The estimate 

||.^;#;V'^M+C;X)|| <C(||.F;#;:(M+C;X)|| + ||.F;#;„^(e^m+C;X)||) (2.6) 
is valid, where the constant C is independent ofipE [0, (p\, T , and w G C. 

(Hi) For every compact set ^ G /C^ there is an independent of T and w G C 
constant c{R) such that for all X E M we have 

|exp{z^A}|||.F(A)||<c(^)(||.F;>rj(M+C;X)|| + ||.F;^i(e^m+C;X)||). (2.7) 
(iv) The value 

|exp{z«;A}|(H-|A|)^|A-Cr/^||^(A)l| 
uniformly tends to zero as A goes to infinity (or X goes to C,) in the cone 

{A G C : A = (^H + C, i G R, V e [0, <^ - </>]}, </> > 0. 
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(v) For any ip G [0,(p] the set {J-" \ ei^R+c' ^ ^ '^wi^C '' -^)} dense in the 
space W^{e'^R + C,X). 



2. Let C e C; </? e (0,7r], and let T he an analytic in IC^ \ {C} function with 
values in X. Suppose that for some ^ e IR and w & C the estimate 

I exp{twX}\{l + \X\Y\X - Cr/1-^(A)|| < Const, A e {C}, 

holds and the inclusions T G + C; ^ e >^(e^m + C; X) are valid. 

ThenT eJ^^{iq]X). 



PROOF. Let us define an equivalent norm in the space >^(e*'^M + X) by 
the equality 

III.F; >rj(e^^]R + C; X)\f = / | exp{2i«;A}||A - C - ifmm' \d\\ 
+ j \exjp{2iw\}\\-C,+i?%J'{\)f\d\\] 

(2.8) 

here e^'^M^ + ( = {AeC:A = ^e''^ + (, C ^ 0} and G (0, tt]. The norm (2.8) 
is equivalent to the norm (2.1) because of the inequalities 

(l + |C-^^)-^(l + |A|2) < 3|A-C + ir < 6(l + |C-^^)(l + |A|2),^(A-C) > 0, 

(2.9) 

(l + |C + ^P)-^(l + |Ap) < 3|A-C-^I' < 6(l + |C + ^P)(l + |Ap),$>(A-C) < 0. 
Let n be the same strip as in Proposition 2.2. For s e H we set 



*(s) = exp{i«;(C - e^) + s/2}{-i - e^Y^iC - e^), 
$(s) = exp{i«;(C + e^) + s/2}(i + e'YT{C, + e^); 



(2-10) 



here we use analytic in IT branches of the functions (— i — e^Y ^"^^ + e^Y- 
The functions $ and ^' are analytic in 11. For all ip G (0, <^) we have 

/OO /"OO 
W^i {r + dr + / \\^{r + dr 
-OO J —CO (2.11) 

= 111.^; ^i(e^% + C; X) If < Const{T). 

It remains to apply the items 1, 2 of Proposition 2.2 to the functions ^, 
and reformulate the results in terms of !F. □ 



From Proposition 2.3 it follows that we can take the right hand side of (2.6) 
as the constant in the inequality (2.3). 
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Proposition 2.4 The class M'^{lC^]X) endowed with the norm 

J^^ilCl, X) II = 11^; W^{R + C; X) II + 11^; W^{e'm + (; X) \\ (2.12) 
is a Banach space. 

PROOF. With the help of (2.10) we can split the class J^^iJC^; X) into two 
Hardy classes -^(11; X) in the strip 11 such that the equality (2.11) holds. Since 
the Hardy class H{Il;X) is complete (see e.g. [33,34]), the class J^^{1C'^; X) 
is also complete. □ 

The following proposition contains some elementary properties of the intro- 
duced classes J^(/C|';X), it is given without proof. 

Proposition 2.5 Let w, C £ C, ^ e and let cp e (0, tt]. 

(i) If(f) e {0,(p] and s < £ then the embedding je^{ICl,X) C J^f'^ilCf; X) is 
continuous. 

(ii) Let T e JC(/C^; X) and /Cf ^ = {A G /C^ : ^ 9(1 ■ set ^ T 
on \ & JC^'~^ and — ^ on /Cp~; let also T~ — J- — J-^ . The mappings 

j^^{iq-x) 3T^T^^ ^lijq-.x), 

are continuous if%e''l'u) > Q{e''l'w) andQ{e''l'v) < 9(6^^^) for all^/j e [0,ip]. 

(Hi) Suppose that an analytic function /C^ 3 X >—>■ p{X) e C satisfies the 
estimate |p(A)| < C(l + |A|)'^ for all A e /C^ and some s e R. Then the norm 
of the multiplication operator 

M'^iiq-x) 3 T ^pT ^M't'iiq-x) 

is hounded uniformly in w & C 

(iv) The following mapping (2.13) is an isomorphism 
Jrj(/C^; X)3T^{.-C + iYT^i-) 

+ {--C-irT-{-)eM'^~^{iq-X), seR; ^ 

here JF+ and T~ are the same as in (ii), we use an analytic in K!^''^ branch 

of the function (■ — C + 0* ^''^'^ ^''^ analytic in IC^'^ branch of {■ — ( — iy . The 
norm of the mapping (2.13) and the norm of its inverse are uniformly bounded 
in w & C 
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Proposition 2.6 (i) Let dlC^'^ denote the boundary of JC^'^ — {X & IC^ : 
Q'A ^ ^C}- For a function T G J^(/C^;X) the representations 



27ri(A-r7)^(/x- A) 

- ' ' '^r . - ^ >cr, « 2 (2.15) 

are valid, where we use an analytic in K!^'^ branch of the function (• —viY and 

an analytic in 1C^~ branch of{- — T)^, the contours of integration are oriented 
such that A lies on the left side while fi travels along a contour. The integrals 
are absolutely convergent in the space X. The formulas (2.14), (2.15) recover 
a function T G J^(/C^; X) from its boundary limits. 

(a) Let T G J^(/C^;X). The value | exp{iwA}||A|^||jF(A)|| uniformly tends to 
zero as A goes to infinity in the set {A G /C^ : dist{A, dlC^} > e), where e > 0. 

The proof of Proposition 2.6 is displayed in Appendix, see page 66. The fol- 
lowing proposition shows that in order to recover a function T G M'^{lC^; X) 
it is not necessary to know the boundary limits of on the whole boundary 

diq. 

Proposition 2.7 A function T G M'^{Kf^\X) can be uniquely recovered from 
its boundary limits Similarly, in order to recover T it suffices to know 

the non-tangential boundary limits of T on the part e^'^'M + ( of the boundary 
OJCq (or, equivalently, on the part e^'^W^ + + C dlC^, or on the part 



PROOF. Here again we split JF G ,j^^{lC^; X) into the functions \1/ and $ in 
the Hardy class iJ(H;X), see (2.10) and (2.11). The non-tangential boundary 
limits of the functions ^, $, and JF are related by the formulas (2.10). As is 
well-known (sec e.g. [25] for the scalar case, and [33,34] for the case of X- valued 
functions), for all ■0 £ (0, V') and r G R we have 

$(r + iV') =^tI.Ve*^=^,_t$o(r), $(r + iV') = ^tI.Ve*(^-'^)^,^t$^(r); (2.16) 

here ^ : L2(]R;X) — > L2(M;X) is the Fourier transformation and is its 
inverse, as in Proposition 2.2 the boundary limits of $ are denoted by $o and 
^^p. Obviously, in the same way ^ can be recovered from or '^^p. Knowing 
$ and ^ we get T from the formulas (2.10). □ 
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2.2 Weighted Hardy classes in a half-plane 

Let C+ and C~ be the upper and the lower half- plane, = {A e C : ^ 0}. 
We shall use the notations 

e'm^ + C = {AgC:A = ^e'^ + C, ±C > 0}, 

e'^C^ + ( = {\eC:\ = e'^P^ + (,fie C^}, 
where C ^ C and ip is an ang le. By Wjiie'^^R^ + C; X) we denote by the Hilbcrt 
space of all (classes of) functions e*'^M^ + C 9 A i— >• JF(A) e X with the finite 
norm 

11^; W^ie^^R^ + C;X)\\' = J \ exp{2^«;A}||(l + \dX\. 

Definition 2.8 Let (^,w E C and i E R. We introduce the Hardy class 
J^^(e*'^C^ + C; X) as the set of all analytic functions e'^^C^ + C 3 T{X) E 
X satisfying the uniform in ip E {ip,(f + tt) estimate 

\\J^;W^{e'^R^ + C;X)\\<C{J^). 

It is clear that J^J{e'^C+ + (; X) = .^^(e^^^+'^^C" +C; X). From Definition 2.8 
and Definition 2.1 it is easily seen that a function is in the Hardy class 
J^^(/C^; X) if and only if JT e J^^(C+ + C;X)r] M'^{£r + C; Let us also 
note that if G J^(C'^ ^ C^^X) then after extension of the function T to 
the half-plane C~ -|- C, by zero we have the inclusion T E ^^^(/C^; X) for all 
^ E (0, tt]; moreover, a function T is in the Hardy class ^^^(C^ + C; X) if and 
only if the function T extended to C~ -l- C by zero is in the class J^(/C^; X). 
The next proposition contains some direct consequences of Proposition 2.3 
and Proposition 2.6, it is presented without proof. 

Proposition 2.9 Let ^, w e C, £ G M, and let (p he an angle. For any function 
T E J^^{e'''^C~^ + (; X) the following assertions are fulfilled. 

(i) T has boundary limit Tip E W.^ie^'^R -|- C, \ X) in the sense that for almost 
all points /i of the boundary e*'^R + ^ we have WT^X) — TipdijW as X tends 
to II by a non-tangential to e*'^M -|- ( path. Moreover 

\\{e^T) o xv,,c - (e^T^) o x^,^ X)|| ^ 0, ^ ^ (/?+, 

\\{e^T) o x^,^ - {eyjT^) o j<^+^^^;Wq^{R-;X)\\ ^ 0, -0 ^ {ip + n)-, 

where denotes the weight function X i— > exp(iu'A) and x^,^ : R — > e^'^R -\- C, 
is the linear transformation x^,^(^) = e*^^ -|- C,. 

Here and elsewhere we shall suppose that every element T E J^^{e'^'^C~^ -\-(; X) 
is eoctended to the boundary e^'^'R + C ^^■^ non-tangential limits. 
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(ii) The estimate 

11^; ^J(e^^M+ + C; X) II < C||^; ^J(e^^M + C; X) \\ 

holds, where the constant C is independent ofip e [</?,</? + tt], and w & C 

(Hi) The value \ exp{iwA}||A|^+"'^/^||jF(A)|| uniformly tends to zero as A goes to 
infinity in the set {A e C : arg(A — C) £ ['^ + ^ + ~ (p]} , > 0. 

(iv) The value | exp{iwA}| |A|^||jF(A)|| uniformly tends to zero as A goes to 
infinity in the half-plane e*'^C+ + rj, where rj G e*'^C+ + (. 

(v) The representation 

_ (2.17) 

holds, where we use an analytic in e*'''C+ + C, branch of the function (• — rjY, 
the contour of integration is oriented such that A lies on the left side while /j, 
travels along the contour. The representation (2.17) recovers a function JF e 
Jif^^e'^'^C'^ + C;^) from its non-tangential boundary limits. The integral is 
absolutely convergent in X . 

As a consequence of Proposition 2.4 we get 

Proposition 2.10 The class J^(e"^C+ + (; X) endowed with the norm 

11^; =<(e^^C+ + C; X) II = 11^; W^{e'^R + (; X) \\ (2.18) 
is a Banach space. 

The next proposition in particular establishes the equivalence of Definition 2.8 
and a universally accepted definition of the Hardy class in a half-plane; this 
fact is known for the Hardy class without weight [5] . 

Proposition 2.11 (i) An analytic function e^'^C"'" + C 3 A t-^ E X is 

in the Hardy class J^(e*^C"'" + C'^X) if and only if it satisfies the uniform 
estimate 

\\T;W^{e'm + rj;X)\\<C{T), 77 e e''^C+ + C- (2.19) 

(ii) IfJ^e J^^{e'^C+ + C; X) then 

||.F(- + r7)-.F(-);#;V^M + C;^)||--0, ^ 0, 7jee'^C+. 

(Hi) Let J' be a function from the space W^{e^'^M. + C;X). In the right hand 
side of the equality (2.17) we replace T by J . Then the equality (2.17) defines 
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a function e J^^ie'^^C^ + (; X) , where k < s + 1/2 z/£-s > 1/2, and k < s 
if £ — s < 1/2. (Certainly this does not necessarily mean that the prescribed 
on e*'^]R + C function J coincides with the boundary limit of the analytic in 
gi<^(j-;+ _|_ ^ function T .) The estimate 

||^;jC(e'^C+ + C;X)|| <C||J;irj(e^^M + C;X)|| (2.20) 
holds with an independent ofw&C and J e 5^(e"^]R + C; X) constant C . 

PROOF. Without loss of generality we can suppose that the parameters 
C,w,i, and the angle (p are equal to zero; if it is not the case then we identify 
T e J^^{e''^C+ + C; X) with g e J^°(C+; X) by the rule 

g{X) =exp{iwe'^X}{X + tYj^{e'^X + C), A G C+, (2.21) 
where we use an analytic in C"*" branch of the function (• + i)^; cf. (2.9). 

As it was already mentioned, the assertion (i) for the Hardy class J^*'(C+; X) 
is proved in [5] . Since this result is not widely known we give an independent 
proof. 

Due to Proposition 2.9, (v) we can recover a function JF e ^°(C"'";X) from 
its non-tangential boundary limits by the Cauchy integral taken along the real 
axis. As is well-known [33,34], this immediately leads to the estimate 

\\J^{- + r]y,L2(R;X)\\<C{J^), 77 G C+, (2.22) 

that is the same as (2.19) in the case w = ( — 0, £ — 0, and (p — 0. The 
necessity of the condition (2.19) is established. 

Let e J^°(C+; X) and let U denote the strip 

U = {s e C : s = r + iilj,r eR,0 < ijj < tt}. 

We define the analytic function 11 9 s 1— > $(s) e X by the formula $(s) = 
.F(e^)e*/^. It is easy to see that 




$(r + #)|p(ir = \\J^;Wo%e'^R+;X)f < Const, ^ G [0,7r]. 



Prom the assertion 3 of Proposition 2.2 we conclude that G J^°(C+;X) 
if and only if the function $ can be represented in the form (2.5) for some 
^ -^2(1^; X)- We express the representation (2.5) in terms of and get 
the equality 

^H^) = 7^ I n r. di, AGC+, (2.23) 

27rz J (log^-logA)VC 

— 00 
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with some Q e L2{M.;X); here we use analytic in C+ \ {0} principal branches 
of logarithm and square root. Thus we can say that JF G J^°(C+;X) if and 
only if the equality (2.23) is valid for some Q e L2{M.;X). In order to prove 
the sufficiency of the condition (2.19), we shall show that for any analytic 
function C"*" 9 A i— > ^(A) e X satisfying the uniform estimate (2.22) there 
exists G e -^2(R; X) such that the equality (2.23) is fulfilled. This part of the 
proof is arranged as Lemma 5.1 in Appendix. 

Now we prove the assertion (ii). One of the universally accepted definitions 
of Hardy classes in C"*" reads: the Hardy class H{C~^; X) is the set of all 
analytic functions C"*" 3 \ ^{^) ^ ^ satisfying the uniform in rj estimate 
(2.22). Therefore the rule (2.21) allows us to identify the classes iJ(C^;X) 
and ^^(e^^C+ + C; ^). If w = C = 0, £ = 0, and = then the classes are 
coincident and the assertion (ii) is known. For nonzero parameters it is easily 
seen from (2.21). 

Let us prove the assertion (iii). If the parameters s, are zeros then T is 
the Cauchy integral of J, it is known that T G J^°(e^'^C+ + C; X) and 

||^;J^o°(e"^C+ + C;^)|| <c||J;iro°(e'^K + C;^)||; (2.24) 

see e.g. [34]. If the parameters are not zeros then exp{ity-}(- — r]YJ^{-) is the 
Cauchy integral of exp{iw-}(- — r]yj{-) G #^°(e*'^M -\- C,]X). We perform the 
corresponding changes of the functions in (2.24), after obvious estimates we 
arrive at the inequality 

11^; je^ie'^C^ + C; X) II < C||J; W^{e'm + C; X) \\. 

This immediately leads to the estimate (2.20), where k < s < i; see Proposi- 
tion 2.5, (i). At this stage we can only guarantee the validity of the estimate 
(2.20) with k < s. This completely proves the assertion (iii) for the case 
i — 1/2 < s < i. In the case s < i — 1/2 the estimate (2.20) is to be improved 
so that k G (s, s + 1/2). We shall do this in Section 3.3, see Corollary 3.17 and 
Remark 3.18. Here we take this fact for granted. □ 

Corolleiry 2.12 Let (,w E C, i eM, and let (p be an angle. 

(i) The space J^(e*'^C"'" + r];X) and its norm do not change while r) travels 
along the line e*'^R + C- 

(ii) For allri G e^^C++C the embedding J^^{e''^C++C, X) C Jf^{e''^C++ri; X) 
and the estimate 

11^; M^^ie'^C^ + rj;X)\\<C\\J^; jrJ(e^^C+ + C; ^) || 

are valid. Here the constant C is independent of w, rj, and T G .^^(e^'^C"'' + 
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(in) Every function T G W^ie^"^^ + C;-^) can he represented as the sum 
(jF+ + ^~)|'gi^]g^^ of the boundary limits of functions e J^f^{e^'^C'^ + (;X), 
where 

s < 1/2 if i> 1/2; 

s<[i] ^ < 1/2 and [£] + 1/2; (2.25) 

«<[£] + 1/2 if £<l/2 and [£] + 1/2 < i < [i]. 

In the case s > —1/2 the representation is unique. If s < —1/2 then the entire 
functions 

C 9 A ^ Ve-'^'^f eX, J = 0, 1, . . . , -[s + 3/2], 

are in the spaces J^(e*'^C^ + C; X) for any f G X ; if J-' = (J^'^ + j^~)fe''^R+c 
wit/i 5ome functions G J^(e*^C^ + C; X) t/ien /or coefficients fj & X we 
have 

-[s+3/2] 

jr±(A) = J^^{X) ± Yl /i^^e"^^"', A G e'^C^ + (■ (2.26) 



PROOF. The assertions (i) and (ii) are readily apparent from the equal- 
ities (2.1), (2.18) together with Proposition 2.11, (i), (ii). Let us demon- 
strate (iii). Without loss of generality we can suppose that i < 1. We define 
g G Wo~^^\e'm + C; X) by the formula 

^(A) = exp(iwA)(A - vf^J^iX), A G e'^M + C, ^ ^ + (. 

As is well-known, any function Q G y^'^(e*'^]R + (; X) can be uniquely repre- 
sented in the form G = {0+ + g-)\ei^R+o where G ^°(e*^C± + C; X), the 
functions are defined as the Cauchy integral of Q; see e.g. [34]. In the case 
£-[i] > 1/2 the inclusion Q G Wo'^^\e'm + C;^) together with Proposi- 
tion 2.11, (in) allows us to see that G J^'=(e^'^C± + C; X) for any A; < 1/2. 
It remains to set 

J^^(A) = exp(-iwA)(A - ^7)-M6?±(A), A G e^'^C^ + C- 

Then the inclusions G J^(e*'^C^ + C;-^) hold, where s is the same as 
in (2.25). It is easy to sec the validity of the remark concerning the uniqueness 
of the representation JF = (JF+ -|-:F~) |"e*¥'R+^, we do not cite the proof here. □ 



For s G M and v G C we introduce the operator J^^^^{4>, () acting by the rule 

(2.27) 
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where we use an analytic in e^'^C~ + C branch of the function (• — rj)'^; here 
and elsewhere we shall omit the parameters </> and ( in the notations of the 
operators ^^^y{4>,C) when it can be done without ambiguity. 

Let s < e, k = s if e - s < 1/2, and k e[s,s+ 1/2) if £ - s > 1/2. Prom the 
equality (2.2) and Proposition 2.11, (iii) we see that the operator 

^v,v + C; ^) ^ ^/(e'^C- + C; ^), ve C'^R + w, (2.28) 

is continuous; moreover, the estimate 

\\^:i,vG;'KHe''^C- + C,X)\\ < Ce^^^-''^^g;W^{e''^R + C;X)^ (2.29) 

holds with an independent of to G C and v G e^^'^'R + w constant C. Proposi- 
tion 2.9, (v) allows us to identify the elements of the space .^^(e*'^C~ + (; X) 
with their boundary limits in W^{e'^R + C,X). Then S^^^^T ^ T for any 
T G M'^{e'^£r + C;^) and r <k\ cf. (2.27), (2.17). Therefore (2.28) is a 
projection operator with the property 

^l^^lv = ^^,v, r<s,ve e-"^W + w. (2.30) 
It is easy to see that in the case of an integer nonpositive s the operator 

(/ - : W^ie'^R + C,X)^ JfJ'ie'^C^ + C; X) (2.31) 

is also continuous (see the proof of Corollary 2.12); here / denotes the operator 
of the embedding W^{e''f'R + C,X) C W^''{e''''R + C,X), we assume that the 
elements of the spaces J^*^(e"'^C^ + C;-^) are identified with their boundary 
limits in Wj'ie'^R + C,X). 

In Subsection 3.3 we shall prove that the Fourier-Laplace transformation yields 
an isomorphism between Jif^{e^'^'C~ + X) and a Sobolev space of X- valued 
distributions supported on the half-line e^^'I'R'^ -\- v (see Paley- Wiener Theo- 
rem 3.14), then we shall use the operator (2.28) to define a projection operator 
that maps distributions defined on the line e~^'^R+v to distributions supported 
on e-^'f'R+ + V. 

2.3 Further properties of Hardy classes in cones 

In the next proposition we extend the result of Proposition 2.11, (iii) to the 
Hardy classes in cones. 

Proposition 2.13 Let Q be a function defined on the boundary dJC^ = {R + 
C)U(e*^M + C) of a cone IC^, and let G e Wj,(R + C;X), G G W^{e'm + C;X). 
In the right hand sides of the equalities (2.14) and (2.15) we replace T by 
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Q. Then the equalities (2.14) and (2.15) define a function T G J^(/C^;X), 
where k < s+1/2 if i — s > 1/2, and k < s if i — s < 1/2. (This does not 
necessarily mean that the prescribed on the boundary dlC^ function Q coincides 
with boundary limits of the analytic in JC^ function T .) The estimate 

J^^iJCl, X) II < C(||^?; 5rJ(R + C; X) \\ + \\G; W^{e'm + C; X) \\) (2.32) 

holds, where the constant C is independent of Q and w & C 



PROOF. We rewrite the representation (2.14) in the form 

f e^"(^-^)(/x-r?)^gi(/x) ^ r e^"'(M-A)(^ _ ^)sg^(^) ^ 

•^^^"7 2ni{X-rjy{,x-X) ^^+ 7 2ni{X - rjYif, - X) ^' 



(2.33) 

where Qiin) = g{n) for e R+ + C and Qiin) = for e R- + C, ^2(At) = 
g{lj) for /i G e^'^R+ + C and ^2(/^) = for ^ G e^^M" + (• It is clear that 
Gi G #'J(R + C; X) and ^2 G W^{e'm + C; X). By Proposition 2.11, (iii) the 
first integral in (2.33) defines a function J^i G J^^{C~^ + C'^X), the second 
integral defines a function ^2 G J^'=(e^'^C- + C; ^)- The sum = JF^ + is 
analytic in /C^'"^. We have the uniform in G (0, (p) estimates 

||.F;#;„^e^'^M+ + C;X)|| 

< 11^1; W^ie^^R^ + C; X)|| + II W^ie^^R^ + (; X)\\ 

< Co(||.Fi; jC(C+ + C; X) II + 11^2; J^^'ie'^C- + C; X) \\) 

< Ci (||^?i; W^iR + C; X) || + ||^?2; W^ie'^R + C; X) ||) 

< Ci (11^?; W^iR + C; X) || + ||^?; Wj,{e"^R + C; X) 



see Proposition 2.9, (ii), the definition (2.18) of the norm in t^^(e*'''C+ + C; X), 
and Proposition 2.11, (iii). We apply a similar argument to the representa- 
tion (2.15) and conclude that it defines an analytic in /C^'~ function the 
norm ||^; W^{e^'^R~+(; X)\\ is bounded by the right hand side of the estimate 
(2.32) uniformly in V' G (0, ip). Hence JT g J^^iJC^; X) and the estimate (2.32) 
holds. □ 

Proposition 2.14 Let C,w eC, £ eR, and let ip G (0, tt]. IfJ" G ^^(/C^; X) 
then 



||.F;#;:(e''^M- + /.;X)||<C||.F;^j(/C^^;X)||, G G [0, (^], (2.34) 

||^;>ri(e^^M+ + /x;X)|| <C||^;JC'(/C^^;X)||, /i G ^ G [0, ^], (2.35) 

where ICq""^ = {A G /C^ : Q'A ^ Q'C}? 'the constant C is independent of w, rj, 
and T . 
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PROOF. Let us prove the estimate (2.35). The estimate (2.34) can be proved 
in a similar way. We use the representation (2.14) with s = i and the argument 
from the proof of Proposition 2.13, where we take the boundary limits of 
T e J^^{1C^] X) a.sQ. This provides us with the representation T = Ti + 

in where the functions JTi e J^^(C+ + C; X) and e ^^(e^^C" + C; X) 
satisfy the estimate 

||^i;^j(C++C;X)|| + ||^2;^j(e^^C-+C;X)|| <C||^;^j(K:^^;X) (2.36) 
here C is independent of T and w. Let ji e /C^'"*". For all ■0 £ [0, </?] we have 

||^i;>rj(e^'^M++/x;X)|| <Ci||^i;^j(C++/x;X)|| <C2||^i;^ 

where Ci and C2 are independent of ■0, and J^i; see Proposition 2.9, (ii) 
and Corollary 2.12, (i, ii). Similar estimates are valid for ^2- This together 
with (2.36) finishes the proof. □ 

Corollary 2.15 Let e C, £ e R, and let e (0,7r]. The value 

sup ||J^;>rj(e*'^M- + r7;X)|| + sup \\T-W^{e'^W^ + rj- X)\\ 

can he taken as an equivalent norm J^(/C^; X)||| in the Banach space 
J^(/C^;X). Moreover, the inequalities 

|||^;^j(/C^^;X)||| < c||^;<(/C^^;X)|| < 2c|||^; ^j(/C^^; X)||| 

hold with an independent of w constant c. 



PROOF. The inequality J^^iJC^, X)\\\ < c\\J^; J^^iK-^, X)\\ readily ap- 
parent from Proposition 2.14. It is easy to see that the norm ||JF; ,^^{1C^\ X)|| 
does not exceed the value |||J^; ^^(/C^; X)|||. Indeed, the value ||J^; W^{e''^M.- + 
T]; X)\\ comes arbitrarily close to ||J^; W^{e"^R~ + (; X)\\ (or to || J"; #;f(R" + 
C; -^)||) as ri tends to ( in /Cp^ and ip — > (f — (or ip — >■ 0+). Similarly, the value 
>rj(e^^R+ + r/; X)\\ comes arbitrarily close to \\J^; W^{e'm+ + C; X)|| (or 
to \\J^; >rj(R+ + C;X)||) as ri tends to ( in /C^'+ and t/- ^ (or ^ 0+); cf. 
Proposition 2.3, l.(i). Due to the definition (2.12) of the norm in J^(/C^;X) 
this completes the proof. □ 

Corolleiry 2.16 Let (,w E C, £ E B., and cp e (0, tt]. Assume that T G 
jrJ(/C^;X). 

(i) Assume in addition that JF is analytic in a neighbourhood oj the vertex 

( of the cone IC^. Then for any cone JC^, G i^i^ U IC^, we have T G 
^i(/Cj;X). 
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(a) Let /CJ be a cone such that /Cj'+ C /C^'+ (or /Cj - C JC^'). We set g{X) = 
r{X) for A G /Cj'+ and ^(A) = for A G /C,^'" (in the case /Cj-" C /C^'" w;e set 
^(A) = J^(A) /or A G and g{X) = /or A G /Cj'+;. T/ien G G =^^(/Cj; X) 
and the inequality 

lie;; < C||^;=<^(/C^^;X)|| (2.37) 

holds, where the constant C is independent of w, T , and /C^. 

PROOF, (i) Let be an open neighbourhood of the set /C^ \ /C^ and let 
C Gc,- We denote the characteristic function of by x (i.e. x(A) = 1 
if A G and x(^) = if A ^ '^). Since JF is analytic in the value 
llxJF; y^(e*'^M + r/; X)|| is bounded uniformly in G [0, 0]. The estimate 

11(1- x)^; ^j(e'^R + 77; X) II < CII.F; Jrj(/C^; X) |U G [0,0] , 

follows from Proposition 2.14. Thus T G M'i{Kfi^\X) by Definition 2.1. 

(ii) It is clear that Q is analytic in /C^. The estimate (2.37) follows from 
Proposition 2.14. Hence Q G J^^iJCp, X). □ 

Proposition 2.17 Let (,w E C, s E B., and < (p < n. Assume that v G 
e"^M + w, G [0,99], and ^ = =^^,y(.Ftei<!!.K+^), where ^^^^ is the projection 
operator (2.27), (2.28), and T is a function in the space ,^^{1C^\ X) , i > s. 
We also suppose that the parameter rj in the definition (2.27) of the operator 
S^^y does not belong to the union (e*'^C~ + C) U /C^. Then the function Q G 
can be analytically extended to a function Q G Jif^{lC^]X); 
here k — s if i — s < 1/2, and k E [s,s + 1/2) if £ — s > 1/2. The estimate 

\\g-^^\lCl-X)\\ < Ce^^^("'-'')>||J'^; jrj(;C^;X)|| (2.38) 

holds, where the constant C is independent of w, (f), and v. 

PROOF. We introduce the function ^(A) = (A - r?)"J^(A), A G IC^, where 
we use an analytic in (e*'^C~ + () U JC^ branch of the function (• — riY- The 
estimate 

||.F;jrj-(/C^;X)|| < C\\J^;J^^{)Cl,X)\\ (2.39) 

holds. By Corollary 2.12, (iii) the function ^l^i^^^+^e Wj-'{e'^R + C;X) is 
uniquely representablc as the sum + e'<t'R+<:; of the boundary limits of 
some functions J^^ G J^''~*(e*'^C^ + C;X). The functions J-''^ have analytic 
continuations to the cone /C^ because ^ — {T^ + T~) on the line e"^]R + C, 
T is analytic in /C^, and are analytic in e"^C^ + C- It is clear that — 
^lA^\ei^R+d and g{X) = (A - r])-'T-{X) for all A G e"t>C- + C- Thus Q 
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has an analytic continuation to the cone /C^. We intend to demonstrate the 
inclusion T~ G =^*^~*(/C^; X) and the estimate 

\\T-;M'^'\1CI-X)\\ < Ce^{^("'-'')>||J^;^j(/C^;X)||. (2.40) 



Taking into account the inequality (2.29) together with the estimate (2.6) and 
the norm (2.12) in J^^(X:^;X) we get 

||J^-;>r„'=-^(e'%+ + C;X)|| < Ce^^^("-")>||^;^J-^(/C^;X)||, t/^ e [0,0], 

||J^-;^^^-^(e'^M- + C;^)|| < Ce^^^("'-'^)>||^; jrj-^(/C^;X)||, i\) e [0,^], 

(2.41) 

where the constant C is independent of w, and v G e^'^M + w. Then we have 

||:r;^^'=-^(e^^M- + C;^)|| < e^^'^("-")^||^; yrj=-*(e^%- + C;^)|| 

<e^W— )>||^;jrJ-(X:,^;X)||, V'efO,^]; 
II J^; #;'=-*(e^^K+ + C;^)|| < e^^^^^'-'^^llJ^; >r^^-"(e^%+ + C;^)ll 

< e^{^(--)>||^; jrJ-^(/C^^;X)||, e \<^M- 

By analogy with (2.41) we derive the estimates 

||:r+;#;*^-^(e^'^R- + C;J^)|| < Ce^^^("'-")>||^;,irj-^(/C^;X)||, i) e [0,0], 

||:r+;^^'=-^(e^'^R+ + C;^)|| < Ce^^^("'-^)>||^;J^^-*(/C^;X)||, ^ e [</',<^]- 

(2.43) 

The equality J^-(A) = T[\)-T^{\), A e /C^, and the estimates (2.41)-(2.43) 
establish the uniform in G [0, i^?] estimate 

||j^-;^^'=-*(e*'^M + C;X)|| < Ce^^^("'-^^>||:r;^J-^(/c^;X)||. 

This together with (2.39) leads to (2.40). Since Q{X) = (A - ^)-'T-{\) we 
conclude that 

\\Q-^^{1CI-X)\\ < C\\T--^t\^\m- 
Then the estimate (2.38) follows from (2.40). □ 



By analogy with J^(/C^;X) we introduce the Hardy class J^(/C^'^;X) in 
the cone /C^*^ = {A e C : A = e-'^^ii + C, A* e }; here e (0, tt]. The class 
M'^{1C'^'^] X) consists of all analytic functions K,'^'^ 9 A i— > ^(A) e X satisfying 
the uniform in -0 G (—(/?, 0) estimate (2.3). Let Q^p^^ : /C^ — >• /C^^ denote the 
linear transformation ^?(p,^(A) = e~*'^(A — C) + C- It is easily seen that we can 
identify the classes .^^(/C^'^;X) and ^^(/C^;X) by the rule Q = T o 
where T G ^^(/C^'^;X), Q G ^^(/C^;X), and v = e-'^w. Thus far, after 
obvious changes, everything said about the classes J^(/C^;X) is applicable 
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to J^(/C^ X). In particular, a function T G e^^(/C^'^;X) has boundary 
limits J^o e + C; ^) and J^_^ e #^j(e-^^R + C; 

Proposition 2.18 Lei C, w e C, £ e R, ano? Ze^ < </? < 7r/2. T/ien eue?i/ 
function T G >^(1^ + Ci-'^) can &e represented as + where and 
are the boundary limits of some functions G J^(/C^;X) and T~ G 



PROOF. Let r] be in the set C\(/C^U/C^ '^), this set is not empty because 99 < 
7r/2. Consider the function ^(A) = (A — r]fT{X)^ where A G M + C, "we use an 
analytic in IC'^UJC'^'^ branch of the function {■—f]Y- Due to Corollary 2.12, (iii) 
the function Q G ^^(M + (; X) can be represented as the sum + 
of boundary limits of some functions G J^f^{C^ + C;-'^)- Therefore we 



can define the functions J^'^ G 
formulas 



M'^{K.^.]X) and r- G M'^iKT'^-X) by the 



(A-77)-^^?-(A), AG/C^nC- + C; 



(A - A G /C^-'^ n C+ + C; 

_ (A - v)~^g-{X), X G /c^-'^ n c- + C- 



□ 



2.4 Fredholm polynomial operator pencils in spaces of analytic functions 



Let Xj denote a Hilbert space with the norm || ■ We introduce a set {Xj}^Q 
of Hilbert spaces such that \\u\\j < \\u\\j+i and Xj+i is dense in Xj for all 
j = 0, ...,m — 1. Let {Aj G j3§{Xj, Xo)}^^q be a set of operators, where 
^{Xj,Xo) stands for the set of all linear bounded operators Aj : Xj — > Xq. 
We consider the operator pencil 

m 

C3X^ 21(A) = Yl Aj^""'' e ^{Xm, Xo). (2.44) 
j=o 

We assume that the operator 21(A) is Predholm for all A G C and is invertible 
for at least one value of A. Under these assumptions the operator 2t(A) is 
invertible for all A G C except for isolated eigenvalues of the pencil (2.44). 
These eigenvalues are of finite algebraic multiplicities and can accumulate 
only at infinity. We also assume that the pencil (2.44) satisfies the condition: 
there exist •& G (0,7r/2) and R > such that for all f & Xq the following 



28 



estimate is fulfilled 



Y: |AP||2t-^(A)/|U_,- < c||/||o, A e /Co^ U /Cq^ |A| > R. (2.45) 

j=0 

The condition (2.45) follows from the assumption (1.4), see [35, Proposi- 
tion 2.2.1]. As it was already mentioned in the introductory part, the assump- 
tion (1.4) is widely met in the theory of operator pencils and is satisfied in 
many applications of the theory of boundary value problems for partial dif- 
ferential equations; see e.g. [29], [35,36] and references therein. It guaranties 
that for any C ^ C and any cp e (0, i?) the closed cones /C^ and /C^*^ contain at 
most finitely many eigenvalues of the pencil 21, one can find ( and (p so that 
/C^ and/or /C^*^ are free from the spectrum of 21. 

For £ G M, (/9 G (0, vr], and (,w & C we introduce the Banach space S)^(/C^) 
of analytic functions /C^ 9 A i— >• m(A) G Xm and the norm in 2D^(/C^) by the 
equalities 



j=0 3=0 

It is convenient to introduce also the Banach space 



(2.46) 



S)t(e*^M + C) = n ^j-^'(e*^M + C;X,); 

3=0 

m 

\u; ^Ue^^R + C) II = E ll«; ^J-^'(e^'^M + C; X, 

3=0 



(2.47) 



Proposition 2.19 Let (,w & C, i E M., and ip G (0, tt]. The following asser- 
tions are valid. 

(i) Every function u G S)^(/C^) has boundary limits Uq G S)^(K + C) O'l^'d 
u^p G S!)^(e*'^R + () in the sense that for almost all points fi of the boundary 
dlC^ = (M + C) U (e*'^]R + (^) we have \\u{\) —UQ{fi)\\m ^ as \ non-tangentially 
tends to iJ, E + (, and \\u{X) — Ui^{ii)\\m — > as A non-tangentially tends to 
II G e^'^R + C- Moreover, 

II (e^u) o x^,^ - (e^uo) o xo,c; W II ^ 0> "0 ^ 0+, 
Wisyju) o x^,^ - (syjU^) o x^,^;S)^(]R)|| ^0, i/j ^ cp-; 



recall that : A exp(?'?«A) and x^,^ : M e*^R + C is the Un ear trans- 
formation x^,^(C) = + C- From now on we suppose that every element 
u G X':^(/C^) is extended to the boundary dfC^ by its non-tangential limits. 
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(ii) For all ip e [0, (/?] and u e X'^(/C^) the estimate 

IKS)t(e'^M + C)||<qKS)l(x:^^)|| (2.49) 

holds, where the constant C is independent of u, ip, and w. 

PROOF. Due to the embedding S^/C^) C ^^-™(/C^;X^) and Proposi- 
tion 2.3.1.(i), the function u e 2)^(/C^) has the boundary hmit Uo in the sense 
that for almost all points e M + C we have \\u{X) — Mo(A*)||m as A 
non-tangentially tends to /x. Under the assumptions made on the spaces Xj, 
the convergence of u{X) to 'Uo(/x) in Xm gives u{X) Mo(/u) in Xj for any 
j = 0,...,m. This together with Proposition 2.3.1.(i) and the embedding 
C ^^-^(/C^; Xj) provides us with the inclusion uq e Wj"^(R+w; X^), 
J = 0, . . . , m. Hence the boundary limit uq satisfies the inclusion uq e Dl^{M + 
Q. A similar argument demonstrates the inclusion G !2)^(e*'''R + (). Now 
the assertion (ii) is readily apparent from Proposition 2.3.1.(ii) and the defi- 
nition (2.46) of the norm in X'^(A^^). The first relation in (2.48) is valid since 
the left hand side of the estimate (2.49) is bounded uniformly in ^ e [0,9?], 
and \\u o x^^^(^) — Uqo Xo,^(^) \\j — > as ^0 — > 0-|- for = 0, . . . , m and almost 
all ^ e R. In the same way one can see the second relation in (2.48). □ 

Theorem 2.20 Let (,w & C and £ e M. The following assertions are valid. 

(i) Let </? e (0, tt]. The operator pencil (2.44) implements the continuous map- 
ping 

2)1 (/C^) 3u^^u^Te Jet'^iiq- Xo); (2.50) 

here and elsewhere %u stands for the function IC^ 9 A i— > 2l(A)w(A) e Xq. The 
estimate 

||2liz;^j-™(/C^;Xo)|| < D1(/C^)|| (2.51) 
holds with an independent of w & C and u e S):^(/C^) constant C. 

(ii) Suppose that the pencil 21 satisfies the condition (2.45) for some i? e 

(0, vr/2) and R> 0. Let the closed cone IC^ , if < d, he free from the eigenvalues 
of the pencil 21. Then the mapping (2.50) is an isomorphism, the estimate 

\\%-^TM1CI)\\ < C||^;=<-(/C^;Xo)|| (2.52) 

holds. Here the constants C is independent ofw&C and T G J^~'"(/C^; Xq). 

(Hi) Suppose that the pencil 21 satisfies the condition (2.45) for some '& e 
(0, 7r/2) and R > 0. Let the line e^'^'R-\-(, < '&, he free from the eigenvalues 
of the pencil 2t. Then the mapping 

S)l(e'^M + C)3u^%u^T e >rj-"^(e'^M + C; ^o) 
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is an isomorphism, and the estimates 

||2l-i^; ^iie'^R + C) || < ci ||^; W^'^^ie'^R + C; Xq) || 

<C2p-^^;S)l(e^'^M + C)|| 

are fa/z(i wzi/i some independent of w & C and T & W^-'^ie^'^R + C;Xo) 
constants ci, 02- 



PROOF, (i) Recall that the set {Aj e ^(Xj,Xo)}^o consists of bounded, 
independent of w e C operators. For the pencil (2.44) we have 

^|Ar-iyl,«(A)||o <C^E(l+l-^r)^™"^'^ll«(-^)ll?> (2-53) 

where C is independent of w G C and u G D^(/C^). Multiplying the inequal- 
ities (2.53) by the factor | exp{2i'w;A}|(l + jAp)^""* and integrating the result 
with respect to A G e'^^R + C, we arrive at the estimate 

m 

||Qli.;>rj-(e^^R + C;Xo)ir < #;^-^-(e^^R + C; X,-)ll', ^ e {^M- 

j=0 

This together with (2.49) gives the estimate 

p«;^j-'"(e^% + C;Xo)|| <C||«;Dl(/C^^)|| (2.54) 

with an independent of -u; G C, ^ [0, f], and u G Dfj,(^p constant C. There- 
fore the analytic function /C^ 3 X 21(A)m(A) G Xq satisfies the uniform in 
^ G [0,99] estimate (2.54). Thus 21m G ^^"'"(K:^; Xq) and the estimate (2.51) 
is valid. 

(ii) The cone /C^ is free from the eigenvalues of the pencil 2t, consequently 
the operator function JC^ 3 X 2l~^(A) G ^{Xq, X^) is holomorphic. For all 
f E Xq the estimate 

||2l-^(A)/|U<C(i?)||/||o, Ag:^,|A| <it:+l, 

is valid; here it! is a sufficiently large positive number. Hence, for all / G Xq 
we have 

m 

Y: |AP||2t-^(A)/|U_,- < c(i?)||/||o, A G |A| < i?+ 1. 

j=0 

This together with the estimate (2.45) gives 

m 

E|A|i2l-i(A).F(A)|U_,- < c{R)\\J'{X)\\o, Xelq, (2.55) 

j=0 
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where T G "*(/C^; Xq). We can rewrite the inequahty (2.55) in the form 

Y.{i + \\m'^-\\)Tm^_, < cwmwi a e (2.56) 

j=0 

here the constant C is independent of w e C and e J^~™(/C^; Xq). We 
multiply the inequality (2.56) by the factor | exp{2i-u;A}|(l + jAp)^"™' and 
integrate the result with respect to A e e^^M. + (. We get 

m 

^p-i^;^i-^(e*^M + C;X,)ir < C||^;^j-™(e'^M + C;Xo)||^ G [0,(^]. 

(2.57) 

Clearly this leads to the estimate (2.52). The assertion (ii) is proved. 
The proof of the assertion (iii) is similar. □ 



3 Spaces of vector valued distributions 

In this section we study weighted Hardy-Sobolev spaces H^(i^^^;X) of vector 
valued distributions. The space H^^{K!^;X) consists of Fourier-Laplace trans- 
forms of all functions from the Hardy space ,j^^{lC^; X). In the case £ > the 
elements of the space H^(ii'^;X) are X- valued functions analytic in the cone 
K'^. In Subsection 3.1 we introduce the Fourier-Laplace transformation acting 
in weighted spaces of vector valued distributions. Then in Subsection 3.2 we 
introduce and study the spaces H^(ir^;X). Subsection 3.3 assembles different 
aspects related to the Sobolev, Hardy, and Hardy-Sobolev spaces. In partic- 
ular we prove a variant of the Paley- Wiener theorem (Theorem 3.14) and a 
variant of the Paley- Wiener-Schwartz theorem (Proposition 3.20). 

3.1 Fourier- Laplace transformation 

Let C^(M; X) denote the space of smooth compactly supported functions with 
values in X. For functions from C^(R; X) we can define the Fourier transform 
G — ^^-^tG and the inverse Fourier transform Q — ^f_^(G by the formulas 

1 r+co 1 r+co 

G{t) = e^^'GiO dC; GiO = ^ e-^^'G{t) dt. (3.1) 

The integrals in (3.1) are absolutely convergent in X, the Parse val equality 

||G';L2(M;X)|| = \\g; L2{R; X)\\ (3.2) 
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holds. As is well-known [28,33], the Fourier transformation (3.1) can be contin- 
uously extended to an isometric isomorphism : L2{M.;X) L2{M.;X). 

Lemma 3.1 Let C:W e C and let ip be an angle. For T E C^(e'^M + C; X) 
we define the Fourier- Laplace transformation T^,j„ : T ^ F hy the equality 

F{z) = ^= / e''^T{X) dX, z e e-^^M + w, (3.3) 

where the integration runs from e*'^(— oo)+C e'^'^(-\-oo)-\-(^. Then the inverse 
transformation (T^^„,)~^ is given by the equality 

T{X) = ^= / e-'^'F{z) dz, X e e'^R + (, (3.4) 

where the integration runs from e~*'^(— oo) + ( to e~^^{-\-oo) + (. The Parseval 
equality 

||^;#;°(e^'^M + C;X)|| = \\F-W^^{e-''^R + w-X)\\ (3.5) 

holds. The transformation T^^^ can he continuously extended to an isometric 
isomorphism 

^tw ■ ^^"(e'^^K + C; ^) ^ #l°^(e-''^R + w]X). (3.6) 

(The multipliers e*''™ and e""'"' in the formulas (3.3) and (3.4) are added so 
that the transformation (3.6) is an isometry.) 

PROOF. One can get the formulas (3.3), (3.4), and (3.5) from the formulas 
for the Fourier transformation (3.1) and (3.2). Indeed, it suffices to set 

g{i) = exp{i^(e^^e + C)}^(e^^e + C), C e 

F{e-^h + w) = exp{# + <(e"'^t + w)}G{t), t G M, 
and A = e'^i + C, ^ = e'^H + w. □ 

Let ^(R) be the Schwartz space of rapidly decreasing functions on R. By 
t5^'(M;X) we denote the space of tempered distributions with values in X, 
it consists of all linear continuous mappings y ^ X. For all Q G ^'(M; X) 
we define the generalized Fourier transformation G — T^-,tQ by the equality 
Q{v) = G{v), yv e ^(R), where v{t) = {2n)-^/^ J^e'^^v{^) d^. As is known 
[28,30], this transformation yields an isomorphism of =5^'(R; X) onto itself. Let 
Dt = -idt. For all G e y'{R; X) we have 

^^_.t^^g ^ Di^^^tg; Di^^^Mv) = ^i^MDiv), yvey{R). (3.7) 
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Every element Q G ^'(M; X) can be represented (in non-unique fashion) in 
the form Em+n<£-Df (1 + |^|)"^mn, where £ is finite and Qrnn e L2{R;X); i.e. 



the integral is absolutely convergent in X. We have the embedding L2(M; X) C 
y'(R;X), £ e M, which means that to any e L2(M;X) there corresponds 
a disribution T G y"{R;X) given by the formula T{v) = /^(O^^^C, 
V e ^(M). 

By ^'(e'^'^M + w] X) we denote the space of all hnear continuous mappings 
C^(e-^^M + 'fi;) X; here w e C and V' is an angle. Let r^,^ : R e-^^R+w 
be the linear transformation T^^w(t) = e~'''^t + w. We say that T G ^'{e~'''^R + 
w\ X) if and only if JF o „, G ^'(M; X), where o t^^.uj{v) = T{v o r^^J„), 
f G C^(M). In the same manner we introduce the space ^'(e^*^]R + w^X) 
of tempered distributions on e~''^M + w. The embedding ^'(e~*'^M + w; X) C 
^'(e-^^R + 'u;;X) holds. 

We define the operator D(^) : ^'(e^^^R + X) ^'(e'^'^M + w;X) of 
differentiation along the line e~*^M + w by the equality 

L>(V,)F = e^^(A(i^oTv,,j) or^-^, F G ^'(e-'^M + X). (3.8) 

Let 0'x be a neighbourhood in C of a point x G e~''^M + w and let 3 
z ^ G{z) G X be an analytic function. It can be easily seen that in the 
intersection ^a.n(e~'^R-|-w) we have {DzG)\e-i^-R+u,— -D(^)(G'|'e-iv.K+^), where 
Dz = —■^{dsfiz — 'id'^z) is the complex derivative. Alternatively, we can define at 
first the operator D(^) in C^{e~'''^R+w) by the equality D^^^v = {Dzv)\^ii,^_^^^, 
where v is an almost analytic extension of v {v is a smooth extension of v to a 
neighbourhood of the line e~^^R + w such that D^v vanishes to infinite order 
on e-'^R+w, see e.g. [38]). Then we extend D^^) to all F G ^'(e-^^R+w; X). 

Lemma 3.2 Let ^, w G C and let ip be an angle. We introduce the sets 

^^(e^^R + C; X) = {JT G ^'(e^^R + C; ^) : e =5^'(e^^R + C; X)}, (3.9) 

yiie-^'f'R + w;X) = {F e ^'{e-'^R + w;X): e^F G .5^'(e-^'^R + w; X)}, 

(3.10) 

where and denote the exponential weight functions 

Cu, : A H- > exp(iwA), A G e^'^R + : ^ i— >• exp(— i^^;), z G e~*'^R + w. 

The transformation (3.6) can he continuously extended to all T G =5^(e*'^R-|- 
C; X) hy the formula 

Tl^T = e^^e_c(^^^i[(e^^) o ° (3-11) 
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where x^,^ : R — > e*^]R + ( and : e ^'^M + w — > M are the linear trans- 
formations x^^^(^) = e*'^^ + (, T^l^{z) = e'''^{z — w). The Fourier- Laplace 
transformation (3.11) implements an isomorphism 

^tw ■ Kie'"^^ + C;X)^ yl{e-''l'R + w;X). (3.12) 

We have the following differentiation rule 

Di^^Tl^T^Tl^X^T, TeyUe'^^R + CX); (3.13) 

here the differential operator D(^) is the same as in (3.8). 

PROOF. The elements J" G ^^(e^^M+C; X) can be naturally identified with 
the elements Q G X) by the rule Q = {cwT) o x^_^. We also identify the 

elements F G ^^'(e-^'^M + X) and G G ^'(M; X) by the rule F - e^'^e-^Go 
T^^^. We set G — ^e^-^tQ and arrive at (3.11). The transformation (3.12) yields 
an isomorphism because ^^^t : =i^'(IR; X) — > ^'(M;X) is an isomorphism. 
Since the Fourier transformation in o5^'(R; X) is the continuous extension of 
the integral transformation (3.1) and >rJ(e^'^M + C;X) C ^'(e*^M + C;X) 
we conclude that (3.11) is the continuous extension of the Fourier-Laplace 
transformation (3.6); cf. the proof of Lemma 3.1. The differentiation rule (3.13) 
follows from (3.7), (3.8). □ 

3.2 Weighted Hardy-Sobolev spaces in cones 

Let w G C, £ G M, and let ip be an angle. We introduce the space W^(e~*'^R+ 
W]X) of all distributions F G t5^^'(e~*^M + w;X) representable in the form 
F = T^^J" with some JT g W^ie'^^R + (; X); here T^„, is given in (3.11), and 
>r^^(e^^k+C; X) C J^^(e*^R+C; X), see Lemma 3.2. Let the space W^(e-^^R+ 
w,X) be endowed with the norm 

\\F-\Nl{e-'^R + w;X)\\ = || (T^^J-^F; ^j(e^% + C; X)||. (3.14) 

If f = then the equality (3.14) coincides with the Parseval equality (3.5). 
Using the formula (3.11) and the norm (2.1) of the space W^{e^'^R + CjX), 
one can see that the norm (3.14) is equivalent to the norm 

|||F;W^^(e-^^R + ^;X)r = / (l + m'^'Mi^cF) o r^M' d^; (3.15) 

moreover, the constants Ci and C2 in the inequalities 

Wj(e-^R + w; X) || < c, Wj(e-^R + w; X) ||| 

<C2||F;Wj(e-^^R + «;;X)|| ^ ' ' 
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are independent of ijj and iv G C Therefore W^(e~*'^M + X) is the weighted 
Sobolev space of distributions with values in X, see [28]. Note that in (3.15) 
the exponential weight 

ec o T^At) = exp{-<(e-^'^i + w)}, t E R, 

depends on the weight number ^ and the angle iJj. For all v e 6"""^]^ + w we 
have 

||F;Wj(e-^^E + w;X)|| = Wj(e-^^R + 

The space W^(e~'^M + w;X) does not change while ( travels along the hne 
e'^^R + r}, rj E C, the norm changes for the equivalent one 

||F;Wj(e-^'^M + w;X)|| = e^^(«-'')"'>||F; Wj(e-^'^M + w; X)||, ( e e'^^M + ry. 

If £ > then the elements of the space W^(e~*^R + w;X) are (classes of) 
functions. In this case we can define an equivalent norm in W^(e~*^R + w;X) 
by the equality 

\\\F;\Nl{e-^^R + w;X)f= J \\e-'^'Dl^^F{z)\\' \dz\ 

+ / / \z-u\-'^'-^'^^-'\\e-^^^Dfl^F{z)-e-^^^d^^^^ \dul 

(3.17) 

where [i] is the integer part of £; see e.g. [31,32]. If £ is a nonnegative integer 
then from the rule (3.13) and the Parseval equality (3.5) it is easily seen that 
the norm (3.14) is equivalent to the norm 

\\\F;me-^^R + w;X)r^ J ^ ||e-<^D;^)F(^)|ndz|. (3.18) 

The differentiation in (3.17), (3.18) is understood in the sense of distributions. 
For the equivalent norms (3.17), (3.18) the inequalities (3.16) remain valid with 
some constants Ci and C2 independent of w, ip (and T). We have the following 
corollary of Lemma 3.2. 

Corollary 3.3 The transformation (3.11) realizes an isometric isomorphism 
^tw ^j(e'^K + C; ^) ^ Wj(e-^^K + W-X). (3.19) 

Let K!^ denote the open double-napped cone 

K^ = {zeC:z^ e-'^^t + w,teR\ {0}, < < (^} 
with the vertex w and the angle (p G (0, tt]. 
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Definition 3.4 Let w, ^ G C, £ > 0, and (p G (0, vr]. We introduce the Hardy- 
Sobolev class H^(i^'^;X) of order £ as the set of all analytic functions K!^ 3 
z I— >• F{z) G X satisfying the uniform in ip & (0, ip) estimate 

\\F;\Nl{e-''^R + w;X)\\ < C{F). (3.20) 

Theorem 3.5 Let i > 0, (p E (0,7r], and wX ^ 'C. The following assertions 
are fulfilled. 

(i) Every function F G H^(A'^; X) has boundary limits Fq G W^(]R+-u;; X) and 
F^ G W^(e~*'^R+w; X) in the sense that for almost allpointsu of the boundary 
dK!^ we have \\F{z)—Fo{u)\\ as z non-tang entially tends tou & IR+ty, and 
\\F{z) — F{u)\\ as z non-tang entially tends to u & e~'^'^'M. -\- w . Moreover, 

II (ecF) o r^,^ - (e^Fo) o tq,^; W^(M; X) || ^ 0, ^ ^ 0+, 
||(ecF)or^,^-(ecF^)or^,^;W^(M;X)||^0, ^ ^ <^-; 

here the linear transformation r^p^^, and the exponential weight function are 
the same as in Lemma 3.2. From now on we suppose that the elements F G 
H^(ii'^;X) are extended to the boundary dK^ by non-tangential limits. In the 
case (p — TT we distinguish the banks lim^^o+(e~*^R+u') anc? lim^_,^_(e~'^]R+ 
w) in dK^. 

(ii) For all F G Hj(ii';^; X) and ip G [0, (p] the estimate 



\\F;\Nl(e-'m + w;X)\\ < C(||F; W^(R + X)|| + W^(e-'m + X) 

(3.22) 

holds, where the constant C is independent of F, ip, andw. 
(Hi) The Hardy-Soholev class H^(ii'^;X) endowed with the norm 

||F;H^^(i<'^;X)|| = ||F; Wj(M + w; X)|| + ||F; W^^(e-''^M + w; X)|| (3.23) 
is a Banach space. 

(iv) Let us identify F G H^(i^'^;X) with the set {F^ : ip G [0,V9]} of functions 
F^ G W^(e~*^M + w; X), where F^ is the restriction of F to the line e'^'^R + w. 
In the same way we identify T G ,^^(/C^;X) with the set : G [0,<^]}, 
where T^, — .Ftgiv-M+^G >^(e'^]R + X). The Fourier-Laplace transformation 



^iiiq-.X) 3T^{:F^:iPe [0, V.]} 

^ {Tl^T^ : ^ G [0, ^]} ^ F G Hj(ii'^; X) 

yields an isometric isomorphism. 

(v) For any ip G [0,ip] the set of functions {F |~g-iV]R_|_^: F G H^(ii'^;X)} is 
dense in the Sobolev space W^(e~*^R + w; X). 
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The proof of Theorem 3.5 is preceded by the lemma. 

Lemma 3.6 Let F e H^o{K^;X), (p e (0,7r]. We denote K^'^ = {z e : 
'^z ^ 0}. 

(i) Suppose that F(z) — for z e Kq'~^. Then there exists an analytic function 

V>e(o,(^) 

such that for all ijj e {0,(p) the equality T = (Tq o)^^(-F fe-iv-R) holds almost 
everywhere on the line e* 



(a) Suppose thatF{z) = for z e Kq' . Then there exists an analytic function 

such that for all ip G (0,99) the equality T = 0^t,o)~^{^ Ic-^^r) holds almost 
everywhere on the line e* 



PROOF. We shall prove the assertion (i). The proof of the assertion (ii) is 
similar. Let us establish the equality 

/ e-'^'F{z) dz^ ( e-'^'F{z) dz, A e e^^C" n e^'^'C, (3.25) 

where < ip < (p < ip, the integrations run from to e^*'^(+oo) and from to 
e-^'^(+oo). Due to the inclusion F e H'^q{K^;X) we have F e W°(e-^'^M;X) 
and F e Wo(e~*'^R; X). The integrals in (3.25) are absolutely convergent in 
X. Since F is analytic in K^, we get 

/ e-'^'F(z) dz = 0, (3.26) 

where the integration runs along the closed contour 

^(a, -0, 0) = : z = ae-'^, ■& e [-0, cp]} \J {z : z ^ te"^"^, l/a<t<a} 
\j{z:z^ e-'^/a,'&e [-0,0]} U {z : z ^ ie"^^, l/a<t< a}, a > 0. 

Let us note that the value a~^^'^\\F{e~^^a)\\ tends to zero uniformly in -(9 G 
[ip,4>] as a ^ or a ^ +00. Indeed, this follows from the assertion l.(iv) of 
Proposition 2.3 since the function /Cg 9 A 1— > F(e~*'^A) G X is in the class 
J^q{}Cq;X). Let us also note that for any A G e^'^C~ D e'^'^C~ the exponent 
exp(— iAae"*'') tends to zero uniformly in -i? G (f] as a ^ +00, and the 
value I exp(— iAe^*''/a)| remains uniformly bounded as a — > +00, G ['0,<^]. 
Passing in (3.26) to the limit as a ^ +00 we arrive at (3.25). 
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It is clear that the integral 



^(A) = / ^ e-^'^F{z) dz (3.27) 

defines an analytic function e^'^C" 3 X ^ -^(A) G X. Due to (3.25), where ijj 
comes arbitrarily close to zero and (p comes arbitrarily close to ip, the function 
has an analytic continuation to the set U^g(o,(^)e*^C~. It remains to show 
that for all ^jJ e (0, </?) the equahty — (T^q)~-'^(F te-^v-R) is vahd almost 
everywhere on the line e'^lR. 

Recall that F{z) =0 for z e Kq'^ . Let C £ e^'^C". Then we can rewrite the 
equality (3.27), where A e e^^M + C, in the form T = (TJo)-i(F f^-i^M) or, 

equivalently, in the form !F{- + C) = (1'o,o)~^(6c-^ te-'V'M); cf. Lemma 3.1 and 
Lemma 3.2. Prom Corollary 3.3 we have 

(3.28) 

The right hand side of the equality (3.28) tends to zero as C ^ 0, C ^ e*^C~. 
This is because F{z) = for 2; G er'^'^'Mr , the exponential function is 
bounded on e-*^M+ for C G e'-^C", and ^ 1 as C ^ 0. Thus T{- + C) 
tends to (Tjo)"^(i^ L-^^k) in 'W^{e'^mX) as C ^ 0, C G e^'^C", and = 
(Tq o)^"'^(F|~g-iviR) almost everywhere on e'^M. □ 



PROOF of Theorem 3.5. We first prove the proposition for the case C, = 
w = Q. Let us prove that for every F G V\q{Kq]X), ^ > 0, there exists 
T G Mq^IC^-X) such that T\ei*u= (T^,o)"^(^fe-*R) for all i) G (0,</?). Since 
^ > 0, the inclusion M'q{1C^;X) ^ J^'^(/C^;X) holds and Lemma 3.6 can be 
applied. We set F^{z) = F{z) for z G i^o^'^ and F^{z) = for z G K^'^ . By 
Lemma 3.6 there exists an analytic function /Cq 9 A i-^ •^('^) G X such that 
for all if) G (0, (^) the equality 

(Tjo)-'(F+re-^,M +i^-re-^*E) = {KoY^FU-^*^) 

holds almost everywhere on the line e^'^M. By Definition 3.4 and Corollary 3.3 
we have 

||.F;#^j^(e^'^M;X)|| = W^(e-^'^M; X)|| < Canst, V' G (0,^). 

This proves the inclusion T G J^q{ICq; X), see Definition 2.1. In a similar way 
one can see that for every G J(f(f{}C'^;X) there exists F G Hq{K^;X) such 
that F\^-ii,^— Tq o(J^te»'/'M), we do not cite the proof of this implication. 

We set Fq = Tq_q(^|'r) and F^ = To_o(^re'vR)- The assertion 1. (i) of Proposi- 
tion 2.3 together with Corollary 3.3 leads to the relations (3.21). It is clear that 
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Fq and coincide almost everywhere with non-tangential boundary limits of 
F G H^q{K^;X). Indeed, the embedding W^(M;X) C W°(M;X) is continuous, 
and for £ = the assertion (i) can be established by the same argument as we 
used in the proof Proposition 2.3. The assertion (i) is proved. 

The inequality (2.6) provides the estimate (3.22) for the assertion (ii). If we 
define the norm in Hq(Kq;X) by the equality (3.23) then we get 

||F;H^oW;^)ll = \\J';Ki^;X)\\ + \\J^;W,'ie'm;X)\\ = \\J^; J(-,\)Cl X)\\. 

This equality finishes the proof of the assertion (iv). The space Hq{Kq; X) 
is complete because it is isomorphic to the complete space Jif^ {ICq ; X) . The 
assertion (iii) follows from (iv) and Proposition 2.4. Finally, the assertion (v) 
is a consequence of (iv) together with Corollary 3.3 and Proposition 2.3.1,(v). 
The proposition is proved for the case ( — w — 0. 

Let us consider the general case. We identify the classes H^(i^^;X) and 
Hl{K^;X) by setting F{z - w) ^ exp{-iCz}G{z), z e K!^, where G e 
h{{K^;X) and F G Hl{K^;X). Let us also identify the classes Jfffm;X) 
and ^^(/C^;X) according to the rule ^(A - C) = e-^™^J^(A), A E /C^. This 
allows us to reformulate the results proved for F G HQ(i^'o';X) and J-' G 
^o^(/C^; X) in terms of G G Hj(i^^; X) and G G ^J(/C^; X). □ 

If £ G N then the space Hl{K^;X) consists of ah elements F G H^(ir^;X) 
such that the complex derivatives K'^ 3 z i-^ DiF{z) E X, j = 1, . . . ,i, are 
also in the class H^(ii'^; X), the norm (3.23) in H^^{K!^; X) is equivalent to the 
norm 

\\\F;^l{K;X)\\\ = \\F; y^'^{K;X)\\ + \\DiF;H'^{K;X)\\. 

The next theorem presents an elementary embedding result. 

Theorem 3.7 IfmeN andi>m- 1/2 then Hl{K^;X) C C"'-^(^;X). 



PROOF. Let G G Hl{K^;X). We set F{z) = e-'^'G{z + w), z G K^. 
Then F G Hf^{K^;X). It suffices to show that F{z) G C"'-\K^;X). By 
the Sobolcv embedding theorem we immediately get F G WQ(e~*'^]R; X) C 
C"'-^{e-'-^R]X), ijj G [0,(^]. Let T G ^^(/C^;X) be the transform (3.24) of 
F. Since £>m — l/2>0, the analytic functions /Cg 3 A ^^ A''JF(A) G X, 
J = 0, 1, . . . , m - 1, are in the class ^°(/C^; X). For z G e'^'^M, ip G [0, 99], we 
have 

D[^.F{z) - ^ /. , e'^^X^T{X) dX, j = 0, 1, . . . , m - 1, (3.29) 
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where the integral is absolutely convergent in X. Let us recall that D^^^^F{z) — 
DiF{z) for z e e-^'^M \ {0}, V e (0, (p); here = -^dsiz - id^z)- Using the 
same arguments as in the proof of Lemma 3.6 we arrive at the equality 

/ e'^'X^:F{X) dX= [ e'^'\^T{\) c^A, j = 0, 1, . . . , m - 1, (3.30) 

where < ip < (j) < ip and z e e-^^C+ n e-''f'C+. The assertion l.(i) of 
Proposition 2.3 and the inequality i > j + 1/2 allow us to pass in (3.30) to 
the limits as ^ 0+ and 4> As a result we get 

/ e'^'X^T{X)dX^ [ e^^"A^'j^(A)rfA, V e [0,99), z e e-^^l+. (3.31) 
In a similar way one can obtain the equality 

/ e'^'\^T{X)dX= [ e'^'X^T{X)dX, ^ e (0, <^], ;s e e"*'^!^. (3.32) 
the formulas (3.29), (3.31), and (3.32) give us the equality 

D{^^F{e~'n) = (|^_ exp{ae-^OA^-F(A) dX 

[ exp{iXe-''f't}X^J^{X) dX 



+ 



(3.33) 



for j = 0, ...,m - 1, t > and ^ G [0,ip]. Since J" G Wo^{R;X), T G 
W^ief-'^R^ X), and £ > j + 1/2, the integrals in (3.33) are absolutely convergent 
in X uniformly with respect to i > and ^ e [0, Thus F G C^-^i^ n 
e-''^C+;X). Similarly we obtain the inclusion F G C"^-^ (C+ n e'^'^C^; . 
Summing up we can say that F G C'^~^{K'^\ X). □ 



Let / G ^'(M X (0,<^);X) and v G Co"^(M). We define /(„) G ^'((0,^);X) 
by the formula f(v){u) — f{uv), where u G C^(0, (/p). We say that a distri- 
bution / G i^'(]R X (0,(/7);X) is continuous with respect to ip and write / G 
C((0, (/?); X)^ if for any v G C^(IR) there exists a function /(^) G C((0, <^); X) 
such that ^ 

Mu)= f /(.)(^)^#, VmgCo~(0,v9). 







If / G ^'(M X (0,^);X) n C{{0,<p);X)^ then the restrictions /v, G ^'{R]X) 
of / are well-defined for all ip G (0, ip), and 

/(.)(V') = Uiv), V G Co°°(R), V' e (0,<^); 
an additional point to emphasize is that 

fix) = l^U{x{;^))d^P, Vx G Co~(R X (0,(^)), 
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see e.g. [37]. For any G e H0(XS;X) we have {D\^^G)ot^^^ e C((0, (^); X)^, 
because 

\\{e^Dl^^G)oT^^^ - {e^D^f) o r^,^; Wq-^'IM; X)|| ^ 0, ^ ^ 0, j = 0, 1, 2, . . . , 

where ^ and are in the interval [0, (/?]; of. (3.21). Therefore if G e H°(ir^; X) 
then to the set of distributions 

{F^ e \N-\e-'^^ + w-X) : = i?;^)(G'r,-,,M+.), ^ e (0,^)} 

there corresponds a unique distribution / G ^'(M x (0, y?); X) fl C((0, (/?); X),^, 
such that /(x) = Jq F^{x{'T^^t'^) dip- We are now in position to consider 
Hardy-Sobolev classes of negative orders. We start with the following general 
definition. 

Definition 3.8 Let -u;, C G C, (/? G (0, vr] and let £ G M. We introduce the 
Hardy-Sobolev class H^(i^^;X) as the collection of all sets of distributions 
F = {F^ G W^(e"*'^R + w;X) : i/j G {0,(p)} satisfying the conditions: for 
{F^ : ^0 G (0, (f)} there exist some constant C{T), a finite m G and a set of 
functions {Gj G H^(ir^; X)}^q such that the estimate and the representation 

m 

||F^;W^^(e-'^R + ^;X)|| < C{F), F^ = E ^w(G'ite-^'^M+.) (3-34) 

j=o 

are valid for all ip G (0, </?); here D(^^ is the same as in (3.8). 
Since the functions Gj G H°(i^'^;X) are analytic in A'^ we have 

(L'^^)(G,re-^,M+.))(^) = ^^G,(^), z G (e-^^R+«;)\{«;}, V e (0,^), (3.35) 

where = — |(i9sr2 — id^z) is the complex derivative. From (3.34) and (3.35) 
it is easily seen that the distribution Fip coincides with the analytic function 
E DiGj on the set (e-^^R + w)\ {w}. If {F^ : ^ G (0, ip)} G H^(/s:^; X) then 
the singular support of F^ is empty or it consists of the only vertex {w} of 
the cone K!^. 

Lemma 3.9 In the case £ > Definition 3.8 and Definition 3.4 are equiva- 
lent. If F is a function from the class H^q{K!^;X) by Definition 3.4 then the 
set 

{F^ = Fte-iv-M+^G W^^(e-^^R + w;X):'il;e (0, if)} (3.36) 

is in the class Hj(is:^;X) by Definition 3.8. If {F^ : ip G (O,^?)} G Y\UK'^;X) 
by Definition 3.8 then in accordance with Definition 3.4 the class H^(X^;X) 
contains the analytic in function F given by the equality 

F(z)^F4z), zeK!^n(e-'^R + w), ip E (0,^). (3.37) 
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PROOF. If F G Hl{K^;X) by Definition 3.4 then we can identify the ana- 
lytic in i^"^ function F with the set (3.36). Obviously, this set is in the class 
HI{K:^;X) according to Definition 3.8. 

Let e>0 and {F,p : G {0,ip)} G Hj(ir^;X) by Definition 3.8. Then from 
the representation in (3.34) it follows that the function F given by (3.37) is 
analytic in the cone K!^; see also (3.35). Taking into account the estimate from 
(3.34), we see that F G ^1{K^; X) by Definition 3.4. □ 

Every set of distributions {F^ : ip G (0,(/?)} G \-\^^{K^;X) defines an analytic 
function K!^ 3 z ^ ^ by the rule (3.37). It is easy to see that in the 
general case elements of the space H^^{K!^;X) cannot be reconstructed from 
the corresponding analytic functions. For instance, the set of distributions 

{F^ = e^^^iDj-'S) o r^-^ : ^ g (0, ^)} G H^\K; C), j G N, (3.38) 

defines the analytic in K!^ function F = 0; here 5 denotes the Dirac delta 
function on the real axis. 

In what follows we remain to use the notations 

(ecF)oTv,,^, Fre-.*M+«„ \\F;\Nl{e-''^R + w;X)l (3.39) 

which wc employed studying the case i >0. This can be done without ambi- 
guity if by the notations (3.39) we shall mean 

(ecF^)or^,^, F^, Wj(e-^% + X)||. 

The next theorem in particular generalizes Theorem 3.5 to the case £ G M. 

Theorem 3.10 Let £ G </? G (0,7r], andw,C, G C. The following assertions 
hold. 

(i) Every set of distributions F = {F^ : ip E {0, ip)} G H^(i^^; X) has boundary 
limits Fo G \N^^{R + w;X) and F^ G \N^^{e-''^R + w; X) such that the relations 
(3.21) hold. From now on we suppose that the elements F G H^(7^'^;X) are 
extended by continuity to the boundary dK!^, i.e. F = {F^ : ip G [0, <^]}. 

(zz) For all F G Hj(ir^;X) and tjj G [0,(p] the estimate (3.22) is valid. 

(Hi) The class H^^{K!^;X) endowed with the norm (3.23) is a Banach space. 

(iv) The transformation (3.24) implements an isometric isomorphism. 

(v) Let {F^-.ipe [0,(^]} G ^1{KI), T G ^^(/C^), and let the equality 
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be valid for at least one value of ip & [0, (/?] . Then this equality is valid for all 

ipe[o,ip]. 

(vi) A set of distributions {F^ : ip e [0, e H^^{K!^;X) can be uniquely 
recovered from any distribution of this set. 

(vii) For any ip G [0, (/?] the set of distributions {F^ : F e H^(i^r^; X)} is dense 
in the Sobolev space W^(e-^^R + w;X). 

PROOF. It suffices to consider the case i < 0, the case £ > is covered 
by Theorem 3.5 and Lemma 3.9. Let us show that for every F G H^(A'^;X) 
there exists J-' G J^(/C^;X) such that JF |~gi,/,K_,_^= (T^^^)^-'^F^ for all ip G 

{0,ip); here the operator (T^„,)~^ is well-defined due to Corollary 3.3. Let 
{G^ G H^(XS;X)}^o be the' set of functions from Definition 3.8. By Theo- 
rem 3.5 there exists a unique set {Q^ G (/C^; X)}^q such that Q^lei'^R+c— 
(T^„,)^^G-^ \e-ii'R+'w for all ip G {0,ip) and j = 0,...,m. Denote JF(A) = 
ETLo>^^Q^W, a G /C^. It is clear that the function /C^ 9 A ^ J^(A) G X is 
analytic. The rule (3.13) and the representation in (3.34) for F^ give 

m 

^Ur+c= iKJ''T.Dl^)G'\e-^^R+.= i^^t^r'F^, ^ e (0,^:.). 

The estimate (3.34) together with Corollary 3.3 leads to the uniform in G 
(0, ip) estimate 

||.F;^j(e^^R + C;^)||<C. 

Thus T G jrJ(/C^;X). We set Fq = TU^M and F^ = T^_^(JP-reim+c)- 
Taking into account Corollary 3.3 and the items l.(i), l-(ii) of Proposition 2.3, 
we arrive at the relations (3.21) and the estimate (3.22). Moreover, if we define 
the norm in H^(i^r^;X) as in (3.23) then we have 

||F;Hj(X^;X)|| = ||.F;jri(/C^;X)||; 

see (2.12). The assertions (i), (ii) are proved. 

To complete the proof of the assertion (iv) it remains to show that the set 

{F^ : F^ = T'l^{J^\e^i,f,^(^),^p G (0,v?)} is in the class H^(i^'^;X) for every 
G ^^(/C^;X). Let g J^^(/C^;X) and let m G N, -m < £ < 0. For all 
A G /C^ we set 

g-ix) = (A - c - i)-"^.F-(A), ^;+(A) = (A - C + i)-"^.F+(A); 

here the notations are the same as in Proposition 2.5. By this proposition 
we get G J^°(/C^;X). Due to Theorem 3.5 there exist unique functions 
G+ G HO(X^;X) and G H°^{K^;X) such that G^\,-i^^+^^ '^t^O^le^^R+o 
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i> e [0, (/?]. Now by the rule (3.13) we have 

= (Z}(^) - C + zy%G+\,-.^^+^) + (Z^(v,) - C - ^r'{G-\,-.^^+J. (3.40) 

Obviously, the representation (3.40) can be rewritten in the same form as in 
(3.34). The estimate in (3.34) follows from the item l.(ii) of Proposition 2.3, 
the definition (2.12) of the norm in Jif^^lC^; X), and Corollary 3.3. The as- 
sertion (iv) is proved. The assertion (iii) is readily apparent from (iv) and 
Proposition 2.4. 

Let the assumptions of the assertion (v) be fulfilled. Then by (iv) there exists 
g e ^^{iq-.X) such that {T^^Y^F^ = g\eim+^ for all e [0,ip]. For some 
e [0, if] we have ^(A) = J^{X), A e e'^R + ( . U ^jj e {0,ip) then the equahty 
^(A) = ^(A) can be extended by analyticity to all A e /C^; if ip = or = f 
then the equality ^(A) = J^(A), A G /C^, is a consequence of Proposition 2.7. 
Hence the elements Q and J-' of the space J^(/C^;X) are coincident. The 
assertion (v) is proved. The proof of the assertion (vi) is similar. Finally, 
the assertion (vii) is a consequence of (iv) together with Corollary 3.3 and 
Proposition 2.3.1,(v). □ 

Theorem 3.11 Let w, C G C, £ G and ip G (0, n]. Suppose that £ > r and 
the boundary limits of a set of distributions F G H^(i^'^; X) satisfy the inclu- 
sions Fo G Wj(R + w; X) and F^ G Wj(e-^m + w;X). Then F G H^(X^; X) 
for any k < i. 

PROOF. From Theorem 3.10, (iv) and Corollary 3.3 we see that F is the 
Fourier- Laplace transform of a function G J^(/C^;X) with the boundary 
limits J^b+cG ^J(R + C;^) and J^\^,^K+^e W^{e'm + C;X). By Propo- 
sition 2.6, (i) the function JF can be represented in the form (2.14), (2.15), 
where we take s G (r — 1/2, r) such that £ — s > 1/2. The boundary limits 
J-' |'r+^ and feivR+f play the role of the function Q on dfC^ in Proposi- 
tion 2.13. This proposition gives G JifJ^{]C^; X), where k G (r, s + 1/2). 
Hence F G h\'^{K!^;X) with the same k. On the next step we can apply the 
same argument to F G H^(fC^;X), where r = k. Step by step the parameter 
k comes arbitrarily close to £. □ 

3.3 Representation of distributions in terms of Hardy-Sobolev spaces 

By analogy with H^(ii'^;X) we can introduce the weighted Hardy-Sobolev 
space Hl{K-^;X) in the cone K'^ = {z e C : z = e'^v + G K'^}. We 
identify the spaces H^(i^'^'''; X) and H^(i^'^;X) by the rule: a set of distri- 
butions {F^ G W^(e*^R + w;X) : ^ G [O,^?]} is in the space W\{K-'f;X) 
if and only if {F^ o a^^^ : ip G [0,(^]} G H$(X^;X), where 77 = e^'^C and 
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Cifi,w '■ — > K^'^ is the linear transformation a^,y,{z) — e^''^{z — w) + w. We 
equip the space H^^{K~'^; X) with the norm 

The following proposition is a direct consequence of Proposition 2.18. 

Proposition 3.12 Let C/w E C, £ E R, and let < ip < 7r/2. Then every 
distribution F E W^(]R + w;X) can be represented as the sum + Fq of 
the boundary limits F^ E W^(M + w;X) of some sets of distributions F+ E 
Hl{K^;X) andF-EHl{K-^;X). 

We introduce the space W^(e~*''^R='= + w; X) as the set of all distributions 
F E W^(e-*'^M+w;X) supported on the set (e-*'^M=^+w)U{w}; here C,w eC, 
^ e M, and (f) is an angle. We equip the space W^(e~'"'^M^ + w;X) with the 
norm 

||F;Wj(e-*^M± + w;;X)|| = Wj(e-^'^M + (3.41) 
the norm in the Sobolev space W^(e^*'^]R + u'; X) is defined in (3.15). It is clear 
that Wj(e-^'^M+ + w;X) = Wj(e"^('^+'')M" + w;X). As a direct consequence 
of the Sobolev embedding theorem we have D-'^^-^F{w) = 0, j = 0, . . . , m — 1, 
for all F E W^(e-''^M=^ + w;X), where £ > m - 1/2, m G N. For the proof of 
the next proposition we refer to [29, Proposition 7.1]. 

Proposition 3.13 Let i > and let yV^^{e''^R+ +iv;X) denote the Sobolev 
space of functions e~*'^M"'' + w 3 z ^ f{z) E X ; we define the norm in 
W^^{e-''^R++w;X) by setting the value \\F;W^{e-''^R++w; X)\\^ to be equal to 
the right hand side of the equality (3.17), where R is replaced by R^ . Suppose 
that i ^ [£] + 1/2, where [£] is the integer part of i. Then a function F E 
W^(e^*'^]R+ + u'j \ X) extended to the half-line e~*'^]R~ -\-w by zero falls into the 
space W^(e~*'^M+ + w;X) if and only if 

Dl.F{w)^0, 0<j<[^]-l, 




z - «;|-2(^-M)||e-^^^L'fl F(^)||2 \dz\ < +00, e> [£]. (3.42) 



(Ife > [i] + 1/2 then the condition (3.42) gives D^I^^F{w) = 0.) 
For all F E W^(e-^^R+ + w; X) the estimates 

||F; Wj(e-^'^M+ + w;X)|| < Ci||F; Wj(e-*'^R + X)|| 

< C2\\F;W'^{e'''^R-^ + w;X)\\ 

are valid, where the constants C\ and C2 are independent of F . 

In the sequel we shall need the following variant of the Paley- Wiener theorem. 
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Theorem 3.14 (Paley- Wiener) Let(,w G C, £ G M, and let (p he an angle. 

If we identify the functions T from the Hardy class J^(e'"^C+ + C;-^) '^'ith 
their boundary limits J-'\ei<i>R+(; then the Fourier- Laplace transformation (3.11) 
yields an isometric isomorphism 

^tw ■ =^^(e'^C+ + C; ^) ^ \Nl{e-''^R- + w;X). (3.43) 

PROOF. An alternative proof of this theorem for the case ^ > can be 
found in [29]. Proposition 2.9, (v) allows us to identify the functions G 
J^^(e''^C+ + C;^) with their boundary limits JF^ G W^{e''t'R + C;X). The 
mapping (3.43) is isometric due to Corollary 3.3 and the definitions (2.18), 
(3.41) of the norms in J^^(e*'^C+ + C; X) and in Wj(e*'^M~ + C; X). Let us prove 
that (3.43) is an isomorphism. Without loss of generality we can suppose that 
= 0. 

Epimorphism. Let us show that T^^^J^ G W^{Mr+w- X) if G J^^(C++C; X). 
Due to Corollary 3.3 the inclusion T^^JF G W^(]R + tt;; X) holds. It remains to 
show that the distribution T°^^JF is supported on the set (R~ + w) U {w}. We 
extend the function T to the half-plane C~ + C by zero. Then the inclusion 
T G ^^(/C^; X) is valid and has boundary limits Tq.,T^ e #fj(R + C; ^) 
on sec Proposition 2.3. It is clear that Tq{X) = for A G + and 

T^{\) = for A G R+ + C- Moreover, = J^o + on M + C- Therefore, 
T^^^ = — this is because the transformation T^^^ is an extension of the 
transformation (3.3), where the integration runs in opposite directions for 
■0 = and t/j — see Lemmas 3.1, 3.2. We have T°^.F = T°^J^o — T^,«,-^7r- 
Consider for example the transformation T^(^.7-'|'j]R+^. It defines an analytic in 
iC~ + w function F because JFfj]g-_|_^= 0. Clearly, the function F coincides 
with TJ^J^ le^^RH on the set (iC" + w) n {e-'^^R + w) for all G [0,7r]. 
Thus Tl^To = T^^^JP"^ = F on R+ + w, the distribution T^^J^o - ^Iw^-j^ is 
supported on the set (R- + w) U {w}, and T^^J" G Wj(M- +w;X). 

Monomorphism. Here we prove that for any F G W^(R~ + w; X) there exists 
G J^S{C+ + C;X) such that {TlJ-^F = T \r+(. We first consider the 
classical case £ = 0. Since the function F is supported on the set R" + w, 
the inverse Fourier- Laplace transform (T° ^)~^F defines an analytic function 
C+ + C 9 A ^ :r(A) G X such that 

J'\R+i+,= {TlJ-'e,F, Vr;GC+, (3.44) 

where : z i— > exp{—ir)z) is the weight function. (The equality (3.44) can be 
easily seen from the integral representation (3.4) for {T'^^)~^F.) The formula 
(3.44) together with Corollary 3.3 leads to the equalities 

+ T)); W^{R + C; X) \\ = ||e,F; W°(R- + w; X) ||, (3.45) 



47 



\\H- + KJ-'F; W^{R + C; X) \\ = ||e,F - F; W?(R- + w; X) || . (3.46) 
It is easily seen that the uniform in e C+ estimate 

lle^F; W°(M- + w; X) \\ <C\\F; W°(M- + w; X) \\ (3.47) 

is vahd, where C is independent of F e W^(]R~ + w;X); moreover, 

||e^F-F;W°(M-+w;X)|| ^0, r;^C,^eC+. (3.48) 

The estimate (3.47) together with (3.45) proves the inclusion e J^(C"^ + 
C]X); see Proposition 2.11, (i). Due to (3.46) and (3.48) the inverse Fourier- 
Laplace transform (T°^)~^F and the boundary limits are coincident 
mW^{R + C;X). 

Let us consider the case of a nonncgative integer i. In this case the norm (3.14) 
is equivalent to the norm (3.18) and D-^q.^-jF G W°(M~ + w;X), j < i. Thus 
far everything said in the previous case is applicable here. Taking into account 
the rule (3.13) we see that the functions A A-'JF(A), j < i, are in the space 
+ C; ^)- Consequently e J^^{C+ + C; X) and {TlJ-^F = 

Let i he a negative integer. If F G W^(R^ + w,X) then F is a distri- 
bution supported on (M~ + w) U {w} and rcpresentable in the form F = 
^j<W Dlo;^}Gj, where Gj G WO(R- + w;X). Then {TlJ-'G, = and 
Qj G =^°(C+ + C;^), i < K|. The function :r(A) = Ej<|f| A^^?j(A) is in the 
space J^^(C+ + C; ^). From the rule (3.13) it follows that J^tR+c^ {^l,w)~^F- 

Now we are in position to consider the general case £ G M. The embedding 
Wj(R- + w]X) C W[^'(M- + w-X) is fulfilled. Hence we have (T^,^)-^F = 
T t+c where T G J^^](C+ + C;^) and T G W^{R + C;^)- Define the 
function ^(A) = (A — C + i)^~'^'~"^J?^(A). This function satisfies the inclusions 
g G + ^-x) g^n^ g ^ >rj^l+i(M + ^;X); see the estimates (2.9). 

The last inclusion and Corollary 3.3 give T° ,„(^fM+^) G W[^^+^(M + w-X). As 
we already know, the Fourier-Laplace transform ^(J7'I"]r+() of any function 
J G + Q-x) is supported on {Mr + w) U {w}. Therefore the 

transform G = T°^(^ t^+J is in the space W[^1+^(R- + w;X). From the 
proved cases we conclude that the transformation (T° ^)~^G defines a function 

g G J^j^l+i(C+ + C\X) such that g \n+c= g W+c- By Proposition 2.9, (v) 
we have g = g E J^^^'^'^^ {C'^ + C;X). Then the function is in the space 

j^i(C+ + C;X). □ 

Corollary 3.15 Let (,w E C, £ eM, and let be an angle. 

(i) The space W^(e~*'^M^ + w;X) with the norm (3.41) is a Banach space. 

(ii) For all rj G e^'^C+ + C we have W^(e-^'^R- +w;X) G Wj(e-^<^R- + w;X) 
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and 

||F;Wj(e-^'^M- + w;X)|| < Ce^^^-^^^'^HF; Wj(e-^'^R- + w; X)||, 
where the constant C is independent of w, rj, and F e W^(e~"'^M~ + w;X). 

(Hi) For allv e e-''t'R- + w we have\Nl{e-''^R-+v;X) C Wj(e-^'^R- X) 
and 

||F;Wj(e-^'^K-+w;X)|| = \\F;\Nl{e-''^R- +v; X)\\, F e Wj(e-^^R-+i;; X). 

PROOF, (i) The space W^(e^*'^M~ + w^X) is complete because it is iso- 
metrically isomorphic to the Banach space J^(e*'^C'^ + C,;X). (ii) For F e 
Wj(e-^'^R- +w;X)we have the equahty 

^re^*+,= e^^''-^)"'(Tj,,)-^F, (3.49) 

where JT = (T^^)-^^, JT e J^^(e^'^C+ + C)- For £ > the equahty (3.49) can 
be easily seen from the integral representation (3.4). The rule (3.13) allows 
us to extend (3.49) to the case i < 0. Corollary 2.12,(ii) together with Corol- 
lary 3.3 and the equality (3.49) establishes the assertion, (iii) The embedding 
is obvious. The equahty is vahd because the norm of the space \N^^{e'"^R+v; X) 
does not change while v travels along the hne e*'^R + w. □ 

Let us note that the assertions (iii), (iv) of Proposition 2.9 furnish estimates 
for the transform = {jf^J-^F of a function F e Wj(e^'^R- +w;X). 

Proposition 3.16 Let i > 1/2 and F e Wj(e-*'^R + w;X). We set G = F 

on e^'^'^M.'^ +w and G = on e^^'^M^ +w. Then for any k < 1/2 the inclusion 
G e W^(e-^'^R+ + w; X) and the estimate 

\\G; Wj(e-^'^M+ + w; X) || < G\\F; Wj(e-''^K + w; X) || (3.50) 
are valid. Here the constant C is independent of F. 

PROOF. For a function F e \N^^{e-'^R+w; X) , £ > 1/2, the Sobolev theorem 
gives F e C{e^^'f'R + w]X). Hence the function e~''^R + w 3 z i-^ \\F\\ is 
bounded in a neighbourhood of the point w, the condition (3.42) is satisfied 
with i replaced by A;, k < 1/2. Then from Proposition 3.13 it follows the 
inclusion G e W^'(e"*'^M+ + w; X) and the estimate (3.50). □ 

Let us recall that the estimate (2.20) in Proposition 2.11, (iii) remains un- 
proved in case s < i — 1/2, k G (s, s + 1/2). The next corollary presents a 
result which enables us to finahze the proof of Proposition 2.11, (iii). 
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Corollary 3.17 Let I > 1/2 and J e 'W^{e''^'^ + C; set 
= [ (A - iJ,)-'Jii^) dii, A e e*^C+ + C- 

Then for any k < 1/2 the inclusion T £ M'^{e!''^'C^ + X. ) and the estimate 
||.F;^o'(e^*C+ + C;^)|| <c||J;<(e^*M + C;X)|| (3.51) 
are valid. The constant c is independent of J . 

PROOF. Let J e Wj(e-^'^M;X). Consider the Fourier-Laplace transform 

J = T'^qJ . By Proposition 3.16 we can represent J as the sum F + G, where 
F e W^(e-^'^M-; X) and G e W^(e-^'^]R+; X), A; < 1/2; moreover, the estimate 

||F;Wj(e-^^M-;X)|| < C|| J; W^(e-^'^R; X)|| (3.52) 

holds. Then J ^ + G, where = (T^,o)"^^ and Q = (T^.o)"^^. As a 
consequence of Theorem 3.14 we have the estimate 

M'o\e''>'C+ + C; X)\\ < C||F; Wj(e-**M-; X)||. 

This together with (3.52) establishes the estimate (3.51). We represented the 
function J' G Wq^c'^'^'E. + C;X) as the sum of boundary limits of functions 
G ^0(e*'^C+ + C;^) and G G J^°(e^'^C- + C;^)- Hence JT is the Cauchy 
integral of J". □ 

Remark 3.18 To finalize the proof of Proposition 2.11, (Hi) it suffices to 
apply Corollary 3.16 with the function J replaced by exp{i-u;-}(- — riYJ{ ) 
and T replaced by ex-p{iw-}{- — r]yj-'{-); here T and J are the same as in 
Proposition 2.11, (Hi). 

Proposition 3.19 Let G C, £ G M, and let 4> be an angle. 

(i) Every distribution F G W^(e~*'^M + X) can be represented as F'^ + F^ , 
where G W^(e-*'^M=^ + w; X) for 

s < 1/2 if £> 1/2; 

s<[£] if I < 1/2 and [l]<l< [I] + 1/2; (3.53) 

s<[^] + l/2 if i<\/2 and [£] + 1/2 < £ < [£]. 

If s < —1/2 then this representation is not unique due to the inclusions 

f-{DiS)oT^^l G \Nlie-"t'm-^+w;X)n\Nl{e-"f'm-+w;X), 0<j< -[s+3/2]; 

here f is a coefficient in X, S denotes the Dirac delta function, and r^^ : 
e~"^]R + w — > IR is the linear transformation t'^^{z) — e^'^{z — w). 
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(ii) For every F G W^(R + w;X) there exists a set of distributions G G 
H^(fC^;X) such that F = Gq — Gt^, where s is the same as in (3.53), Gq 
and are boundary limits of G in the sense of Theorem 3.10. In the case 
s < —1/2 the set G is not unique. If G E H^(ir^; X) and F = Gq — G-,, then 
the sets of distributions G = {G^ : ijj G [0,7r]} and G = {G^ : ip G [0,7r]} 
satisfy the equality 

-[5+3/2] , 

(ecG'v,)oT^,,-(ecG'^)oT^,,= ^ e'iJ+^)^ f-DlV- (3.54) 

for all ip G [0,7r] and some coefficients fj G X; here : 2; i— > exp{—i(z), the 
distribution V^{v), v G o5^(M), is defined as the Cauchy principal value of the 
integral J]!it~^v{t) dt, and T^^wif) — e.~^^t + w. 

(Hi) Let F G W^(]R~ + w;X). Then there exists an analytic function 

C\R- +W3 G{z) G X (3.55) 

such that for any v G M"*" + w the inclusion 

{Gre-.M+,: ^ G (0, tt)} G HI{K:; X) (3.56) 

and the equality F — Gq — Gt^ hold, where the distributions Gq and Gt^ are 
boundary limits of the set (3.56) in the sense of Theorem 3.10. Moreover, there 
exists a set of distributions G~ G H^(/r^; X) such that F — Gq — G~ and 

G^^G on the set e-^'^R + w\ 1+Tw, if) G [0, tt]. 

A similar assertion is valid for F G W^(]R"'" + i/;; X) . 

PROOF, (i) We represent T = (tJ^^)-^F in the form JT = (J^++J^-) f^.^R^^, 
where G J^"(e*'^C± + C;^); see Corollary 2.12, (iii). This together with 
Theorem 3.14 proves the assertion. 

(ii) Here again we represent = (T°^^)~^F in the form T — (JF+ + JF~)|"r_^^, 
where G J(f^{C^ + C; X). Let us define Q G =^^(/C^; X) by setting Q ^ 
on C"*" + C and Q = T~ on C~ + C- It s clear that {T^ + .F~) |'r+^= Qq + Q.,,, 
where and Q.,^ arc the boundary limits of Q\ see Propositions 2.3, 2.9. Let 
G G Wf\K1;,X) be the set of distributions 

G = {G^ = Tjje?re^^i,+J : V e [0, 

It is clear that F = TUJ^+ + J^-) h+c;= Tl^Go - Tl^Gn = Go - G^. By 
Corollary 2.12, (iii) the representation = (^+ + JF~) \^_^^ is not unique if 
e < -1/2. The relations (2.26) lead to the equlity (3.54). 
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(iii) By Theorem 3.14, for T = (T^^) we have the inclusion G J^Jj{C^ + 
C; X). Let ^ = in C++C and ^ = in €"+(. It is clear that g e J^^(/C^; X) 
for any v G M"*" + w and jFfi[j+^= Qq + where and Qj^ are boundary 
limits of Q; see Proposition 2.3. We can define G~ G H^(fC^;X) by setting 

= T^,«,(^l~e»'/'R+«;)- Therefore F = T°_^(^o + G^) = Gq - G^. In the same 
way as in the item Epimorphism of the proof of Theorem 3.14 we see that 
the distributions Gq and G~ coincide on IR+ + w with an analytic function. 
Hence the set G~ G H^(7^^^; X) defines an analytic function (3.55). Let us also 
consider the set of distributions 

G = {e^^("'-^)Tj,(e?re^,«+^) : V e [0, tt]} G X), ve R++«;. (3.57) 

By the same argument as above we conclude that the set (3.57) defines 
an analytic in C \ R- + v function G. Note that = ^ia^-v)jo^^ 

= giC(«'-^)T^^^. Thus Go = Go and G^ = G'. Consequently the set 
of distributions G defines the same analytic function G as the set G' , we have 
the equality Gte-iV'R+^= G^, -0 e (0, tt). □ 

The next proposition deals with compactly supported distributions, the first 
assertion is an integral form of the Paley- Wiener- Schwartz theorem. 

Proposition 3.20 Let ^, w G C, £ G M, and let tp be an angle. Assume that 
V G e^'^W + w. 

("zXPaley- Wiener-Schwartz) Let F G S^I-{e-^'^R + w] X) . The inclusion 

F G W^(e-^m+ + w; X) n W^(e-'^R- + v- X) (3.58) 

holds if and only if the inverse Fourier-Laplace transform (T^^)~^F is an 
entire function C 9 A i— >• ^(A) G X satisfying the uniform in ip & (0)'?'") 
estimates 

\\S;W^{e'^'^+'^'>R- + C]X)\\ < G; \\S;W^^{e'^'^+'^^R+ + C;X)\\ < C. (3.59) 

(a) For anyF e \N^q{R+ +w] X)n\N^Q{R- +v; X) there exists a unique analytic 
function 

C \ (R+ + w n R- + f) 3 G{z) G X 
such that the following inclusion and equalities hold 

{Gre-**M+«:V'e (0,7r)}G H^o(^:;^), u E (R' + w) U {R+ + v); (3.60) 

F = G^ - Go if ueR' +w; F = Go - G^ if ueR-^ + v. (3.61) 

Here the distributions Go and G^ are the boundary limits of the set (3.60) in 
the sense of Theorem 3.10. 
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(in) Let F G Wg(]R+ + w;X)n W^(R- + v; X) and let 8 he the corresponding 
entire function from the assertion (i). We set 8^ — 8 on and 8^ — ^ on 
C^. Then the sets of distributions 

G- = {G^ = -Tt,U8-\e^*M-- V' e [0,7r]} e Hi{KZ;X), 
G+ = {G+ = Tt(8+\,i,^: e [0, tt]} e H^o(^;; ^) 

satisfy the conditions Gq — G~ = —F, Gq — G^ = F, and meet the relations 
G^^G on the set e~^^R + w\ (l+Tw n R- + t;) , -0 e [0, tt], 

G:^^G on the set e'^^^R + v\ (R+ + w n + , -0 e [0, tt], 
where G denotes the analytic function from the assertion (ii). 



PROOF, (i) Necessity. If the inclusion (3.58) is valid then 

supp F C 1+Tw n M- (3.63) 

Therefore we have F e W^(e-^m+ + w]X)n Wj(e-^m- + v]X) for any 
C e C. By Theorem 3.14 the transform (T^„)~^F is the boundary limit of a 
function G ^^(e*^C++C; X), and (T^^,)-^^ is the boundary hmit of J^" G 
J^^(e*^C- + C;X). Since the equality iJlJ-^F = e*«(''-"')(T^^J-^F holds, 
and J^+\R+n= e'^^^-^^ (Tl^)-'^ F for G e*^C+ + C (cf. (3.49)),' we conclude 
that {TlJ-^F defines an analytic in C function 8 G ^^(e^^C" + C;^) n 
j^^(ei<^C+ + C,X) such that £ = e^^("-"'):r+ on e^'^C+ + C and £: = JT" on 
e^'^C- + C- The estimates (3.59) are fulfilled due to Definition 2.8. 

Sufficiency. If an analytic in C function 8 satisfies the estimates (3.59) then 
by Definition 2.8 we have 8 G ^^(e^^C" + C;^) n J^^(e^^C+ + C;^)- For 
F = Tl^8 Theorem 3.14 gives F G Wj(e-^m+ +w;X)n Wj(e-^m- +v;X). 
Hence we have (3.63) and the inclusion (3.58) holds. 

(n, iii) Let 8 G ^^(C~;X) n ^^(C+;X) be the entire function from the 
assertion (i). We define the functions 8+ G ^^(/CJ; X) and 8' G J^^iJC^; X) 
by the equalities 8"^ = 8 on and 8^ = on C^. It is clear that 8\]^= 8q + 
8^ = 8q +8^ and 8(^ = 8^; here 8^ and 8^ are boundary limits of 8^ in the 
sense of Proposition 2.3. Introduce the sets of distributions (3.62). Repeating 
the argument from the item Epimorphism in the proof of Theorem 3.14 we 
conclude that the distributions Gq and are equal to an analytic function 
on R+ + V, the distributions Gq and G~ are equal to an analytic function on 
M~ + w. Thus the set of distributions G~ G Hq{K^; X) defines an analytic in 
C\]R+ + w function G^, and G^ G Hq{K^; X) defines an analytic in C\]R~ + v 
function G+. Then for any -u G M + w we have F = Tq^{8\m) = Gq — ~ 
G~ — Gq. It is clear that Gq = GJ. Therefore the analytic functions and 
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G~ are coincident on (M~ + w) U (M"*" + ■;;). Hence we can define the needed 
analytic function G as G = = G~ . Indeed, tlie inclusion £' G .^/(/Cq; X), 
where u e M" + w, and the inclusion e J^^(/Co;X), where u G + 
allow us to see the relations 

{G\e-i^^+u = -Tt(^~re^*R) : e (0,7r)} G K{Kl-X), ue^- + w, 
{G\e-i*u+u = <„(^+re>'AM) : e (0,7r)} G K{K:;X), ueR+ + v. 

This proves the inclusions (3.60). The equahties F — —Tq^^{£q and F — 

Tq^{Eq+£^) lead to (3.61). The function G is unique due to Proposition 3.19, 
(i)'. □ 

Example 3.21 Consider the Dirac delta function 6 G Wo(M;C), i < —1/2, as 
an example of the distribution F in Proposition 3.20, (ii) and (Hi). Using the 
same notations as in Proposition 3.20 we have S{\) = (27r)~^/^ for all A G C. 
Then the analytic in C\{0} function is G{z) — —iji^'Kz), the boundary limits 
Go and G.^ of the set (3.60) are given by the formulas 

Go{t) = -l6{t) - and G,{t) = ]^5{t) - if u & M"; 

Go{t) = \5{t) - and G^{t) = -U{t) - if u e R+. 

z ztt t z ztt t 

Here the distribution Vj{v), v G ^(M); is defined as the Cauchy principal 

value of the integral J^t~^v{t) dt. The distributions G^ from the sets G^ G 

Ho\K^;C) are such that G+oT^^o{t) = e'^ (|5(i) - ^V\) and G^j^oT^^^it) = 

g^V' _ j_j>l^^ where t^^ is the linear transformation T^,o{t) — e~^'^t; 

c/. (3.11). 

Let £ G R and s < £. For v E C and r] G e^'^C"'" + ( we introduce the operator 

P;„(0, C) = Tt^U^, C)(Tt)"' ■■ Wj(e-^R + v;X)^ W^^(e-^R+ + v; X) 

(3.64) 

where k = siii-s< 1/2 and /c G [s, s + 1/2) if £ - s > 1/2. RecaU that 
^v,vi^^C) denotes the projection operator (2.27), (2.28). We shall omit the 
parameters (/) and ( in the notations of the operators P^_„(0, C) when it can be 
done without ambiguity. Prom (2.27) it is clearly seen that the operator P^^ 
does not depend on the parameter rj. For any F G W°(e~*'^R + w; X) we have 
P2 „F = F on e~^'^'K'^+v and P? „F = on e~*'^M~ +v. In the case of an integer 
nonpositive s, any distribution F G W^(e~**'R + t(;; X), i > s, can be uniquely 
represented in the form F = {D^^^ - r])-'G with some G G W^(e-^'^R + 'u;; X), 
then P^^ ,„F = (D^^) - ?7)""Pj) Theorem 3.14 and Corollary 3.3 allows us to 
pass from (2.29) to the estimate 

\\Pl^F;\N''^{e-''l'R+ + v;X)\\<C\\F;\Nl{e-'^R + v-,X)\l (3.65) 
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where C is independent of f G C and F G W^(e~*'^R + v; X). In other words, 
the norm of the operator (3.64) is bounded uniformly in v G C Since the 
space W^(e^'"*^M + X) and its norm are independent of w G e~*'^M + v the 
norm of the operator 

P^^^ : Wj(e-^'^K + w;X)^ Wj(e-*^M+ + v; X) 

is bounded uniformly in v G C and w G e~"^R -\- v. As a consequence of the 
property (2.30) we get 

P;,«,P;. = P^,., r<s,ve e-^m + w. (3.66) 

If s is an integer nonpositive number then also the norm of the operator 

(I - P;j : Wj(e-''^R + v]X)^ Wj(e-'%- + X), £ > s, (3.67) 

is bounded uniformly in v, cf. (2.31); here I : W^(e-''^M + v; X) ^ W^(e-*% + 
u; X) is the continuous embedding operator. 

Proposition 3.22 Let C,w G C, ^ G M, and < < tt. Assume that F = 
{F^ : ip e [0, (p]} is a set of distributions in H^(_K'^; X). Let v G e~*'^M+ + w for 
some (j) G [0, ip], and let = P'^^^^F^, where s < i, ri ^ (e*'^C~ + C) U 
P^„ is the projection operator (3.64). Then the distribution G W^(e~*''^M + 
w;X) can be uniquely extended to a set of distributions G = {G^ : if) G 
[0,(/?]} G H^(X^;X); here k ^ s if £ - s < 1/2 and k e [s, s + 1/2) if 
i — s > 1/2. The set G satisfies the estimate 

\\G;H'^{K:^;X)\\ < C\\F;Hl{K^;X)\\, (3.68) 

where the constant C is independent of w, (j), and v. Moreover, in the case 
of an integer nonpositive s, the analytic in Kf^ function F defined by the 
set {F^ : G [O,^?]} and the analytic in K!^ function G defined by the set 
{G^ : ip & [0,(f\} are coincident on K]^'^ ■ 

PROOF. The existence of the set G G ^^{K^-X) and the estimate (3.68) 
are consequences of Proposition 2.17 and the definition (3.64) of the projection 
operator P^^. The set G is unique by Theorem 3.10.(vi). 

Let s = 0. Then the analytic in function F defined by the set {F^ : 
■0 e [0, 9?]} and the analytic in function G defined by the set {G^ : ip & 
[0,</7]} are coincident on -fC^''*'. Indeed, this assertion is trivial if G (0, </?). 
For the remaining cases we note that the assertion is nearly the same as 
the assertion (ii) of Corollary 2.16, it can be established in a similar way. In 
the case of a negative integer s every distribution from the set {F^ : ip G 
(0,99)} G W(-{K^]X) can be represented in the form F^ — (-D(^) — r])~^F^, 
where {F^ : -0 G (0,(^)} G H°(i<'^;X), and the parameter 77 is outside of the 
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union (e*'^C~ + C) U see the proof of Proposition 2.17 and the rule (3.13). 

We have = P^_,F<^ = (D(^) - v)~'G^, where = po^F^. There exists 
a set {G^ : ip ^ (O^V^)} ^ H°(ii'^;X) such that the corresponding analytic 
function G coincides with the analytic function F; here F corresponds to the 
set {F,i, : ip G {0,ip)}. It remains to note that G{z) = {D^ — rj)~^G{z) and 
F{z) = {Dz — rj)~^F[z) for z e i^^'"*", where is the complex derivative. □ 

Let (j) G [0, be a fixed angle. Theorem 3.10,(vi) allows us to identify every 
element {F^ : ^ G [0, if]} of the space H^(is:^; X) with F^ G W^(e-^'^M+w; X). 
Then Hj(ir^;X) is dense in Wj(e-^'^R + w; X) by Theorem 3.10, (v). All 
operators defined on W^(e~*''''R + X) can be restricted to H^(i^^;X). In 
particular, the projection operator P^^^ : V\[_{K^\X) W^(e~*'^]R+ +v;X) 

is well-defined for v G e-^<^R + w] cf. (3.64). If ^ {e^'^C^ + C) U ^ then 
by Proposition 3.22 the image of this operator is in the space H^(ii'^;X) C 
W^(e~*'^R-|- v; X) . Moreover, by the same proposition the projection operator 

P;,:H^^(i^^;X)^Hj(X,^;X), r) i {e^'^'^ + Q ulq , (3.69) 

satisfies the estimate 

I|P;.^;HJW;^)II < C||F;Hj(i^^;X)||, (3.70) 

where the constant C is independent of w, 0, and v G e""*'^M+-|-w. In the same 
manner we can consider the differential operator 

D{^) ■ Wj(e-^'^M + w; X) ^ Wj-^(e-*'^R + w; X), j G M, (3.71) 

on the subspace H^(A'^;X) of W^(e~*'^M + tf;X); here D;^^-) is the same as 
in (3.8). Indeed, by Proposition 2.5. (iii) the operator of multiplication 

is bounded uniformly in w G C. Hence the norm of the mapping 

H^iKl; X) 9 {F^ : G [0, if]} ^ {Df^^F^ : G [0, ip]} G H'f^iK; X) 

(3.72) 

is also bounded uniformly in w G C; see the differentiation rule (3.13) and The- 
orem 3.10,(iv). Therefore the differential operator (3.71) maps the subspace 
Hl{K^; X) of \Nl{e-''f'R+w; X) to the subspace hJ~^(X^; X) C Wj~^'(e-^'^R+ 
w;X), the operator 

: HliK^; X) ^ Hl'^iK; X), j G N, G [0, ip], (3.73) 

satisfies the uniform in w G C and G [0,ip] estimate 

WDi^F; Hl-^{K;X)\\ < C\\F; HI{K^;X)\\. (3.74) 
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4 Complex scaling of differential equations with unbounded oper- 
ator coefficients 

In this section we consider hnear ordinary differential equations in spaces of 
analytic functions. The primary purpose here is to motivate the study made 
in the previous sections and to demonstrate the main ideas on the treatment 
of the complex scaling in terms of the Hardy-Sobolev spaces and the Fredholm 
polynomial operator pencils. For this reason we leave aside the important ques- 
tion of complex scaling in presence of operator pencil eigenvalues in the dual 
cone /C^, this aspect will be detailed elsewhere. In Subsection 4.1 we introduce 
the complex scaling method for differential equations with constant operator 
coefficients. In Subsection 4.2 we consider equations with variable coefficients; 
here, for the sake of simplicity, we restrict ourselves by the case of spaces of 
positive integer orders. Two examples of apphcations to the complex scahng 
of boundary value problems were presented in Subsection 1.2. Examples of 
applications of differential equations with operator coefficients to boundary 
value problems can be found e.g. in [35,36], some of these examples can also 
be considered in context of the Hardy-Sobolev spaces. 

4-1 Differential equations with constant coefficients 

We shall use the same notations as in Section 2.4. Here again we suppose 
that the operator 21(A) is Fredholm for all A G C and is invertible for at least 
one value of A. We also assume that the condition (2.45) is satisfied for some 
■(9 G (0,7r/2) and i? > 0. By 2l(D(<^)) we shall denote the differential operator 
Y.]Lo ^jDl"^)^ on the fine e-'-^M + w; recall that for all j = 0, . . . , m - 1 we 
have Aj e 3§{Xj, Xq), \\u\\j < \\u\\j+i, and the Hilbert space Xj^i is dense in 
Xj. 

For ^ e M and C G C we introduce the Banach space 

m 

Dj(e-^<^M + w)= f] Wj-^(e-''^]R + w; Xj); 

j=0 

m 

\\u; Dj(e-^^E + w) || = ^ \\u; Wj-^(e-^^M + w; Xj) ||. 

j=0 

The operator 

2l(L'(<^)) : Dl{e-''^R + w) ^ Wj-"^(e-''^K + w; Xo) (4.1) 

is bounded for any (,w E C, i E M., and (p G [— tt, tt). The next theorem is in 
essence a variant of Theorem 2.4.1 in [35]. 



57 



Theorem 4.1 Suppose that the operator pencil A i-^ 21(A) satisfies the condi- 
tion, (2.45) for some 'd E (0,7r/2) and R > 0. Let the line e^'^R + C, |0| < ^, 
be free from the spectrum of the operator pencil C 3 X >—>■ 21(A) . Then for all 
£ eM. and w e C the operator (4.1) yields an isomorphism and the estimates 

\\u; Dl{e-''^R + w)\\ < Ci||2l(L'(^))u; Hj-™(e-^<^M + w; Xo)|| 

< C2\\u; Dl{e-''^R + w)\\ 

hold. The constants ci, ci does not depend on w & C and u e D^(e~*''^M + w). 

PROOF. It is easily seen that the Fourier-Laplace transformation imple- 
ments an isometric isomorphism T^^ : S):^(e*'^M + C) D^(e~*'^M + w); see 
Corollary 3.3 and the definition (2.47) of the space 2)^(e*'^M + C). Now the as- 
sertion follows from Theorem 2.20, (iii) and the differentiation rule (3.13). □ 

Let us introduce the scale of Banach spaces 

m m 

^ciK) - n \\u; Dl{K)\\ = Y: \\u; ^t^K^XM- (4.2) 

j=0 j=0 

Prom Theorem 3.10 and the definitions (2.46), (4.2) of the spaces S)l(/C^) 

and D^(X^) we see that the Fourier-Laplace transformation T^,^, yields an 
isometric isomorphism between 2)^(/C^) and D^(ir^). The next proposition is 
a consequence of Proposition 2.19. 

Proposition 4.2 Let (,w E C, i E R, and ip G (0,7r]. The following asser- 
tions are valid. 

(i) Every function u G D^(ii'^) has boundary limits uq G D^(M -|- w) and 
G D^(e~*'^M -|- w) in the sense that 

II {e(^u) o T^^^ - (e^iio) o tq^^; D^(M) || ^ 0, -0 ^ 0+, 
\\{ec^u) o T^^^ - (st^u^) o T^^^; D^(M)|| ^0, ip ^ (/?-; 

recall that cq : z ^ exp(— i^^;) and T,^^w{t) = e^'^'^t + w. 

(a) For all ip G [0, (/?] and u G D^(ir^) the estimate 

|KDj(e-^'^M + «;)||<qKDj(K:S)|| 

holds, where the constant C is independent of u, ip, and w. 

By analogy with the case of the spaces H^(i^^^;X) and W^(e~*'^R -|- w;X) 
we can identify a set of distributions {li^ : t/j E [Q,(p]} E D^(i<'^) with the 
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correspondent element of the space Dj(e-*<^R + w), (j) e [0,v?]; the argu- 
ment is the same, see the explanation to the formulas (3.69), (3.73). Then 
we can interpret D^(i^r^) as a dense subspace of D^(e^*'^]R + w) and restrict 
the operator (4.1) to D^(K^). Since the operator D-j^^^ yields the continuous 
mapping (3.73) the operator 2l(I?(</,)) continuously maps D^(i^^) to the space 
Hj-™(ir^; Xo) C Wj-'"(e-^*R + w; X^). 

Theorem 1.1 cited in the introductory part is a consequence of the following 

Theorem 4.3 Suppose that the operator pencil 21 meets the condition (2.45) 
for some {} e (0, tt/2) and R> 0. Let (p e (0, ■»?) and ( E C. If the closed cone 
/C^ is free from the spectrum of the operator pencil C 9 A i-^ 21(A) then the 
operator 

2t(D(^)):Dj(ir;^)^Hj-™(i^^;Xo), <l>e[0,^], (4.3) 
yields an isomorphism, and the estimates 

\\u;Dl{K)\\<c,mD^^^)u;Hl-"^{^^^^ 

are valid, where the constants ci, C2 are independent of w E C, (p E [0, ip], and 

PROOF. The assertion directly follows from Theorem 2.20, (i) and (ii) be- 
cause the transformation T^^^ : S)^(/C^) — > D^(i^^) yields an isometric iso- 
morphism. □ 

Corollary 4.4 Let the assumptions of Theorem 4-3 be fulfilled and let </> G 
[0, (/?]. Ifu G D^(e~*'^]R + ?L') satisfies the equation 21(D(^))m = F, and the right 
hand side F is m the subspace HJ-™(/s:^; Xq) of the space Wj-"'(e-*'^R+w; Xq), 
then the solution u is in the subspace D^(i^^^) of the space D^(e^*''^M -|- w). 

For the sake of simplicity we restrict ourselves in the next theorem to the case 
of an integer i, i > m. Moreover, we make an additional assumption on the 
regularity of the right hand side F in a neighbourhood of the point t = 0. 
This allows us "to locahze" the problem to the right half-line preserving the 
analyticity and without recourse to the spaces of negative orders. 

Theorem 4.5 Suppose that the operator pencil ^ meets the condition (2.45) 
for some •& G (0,7r/2) and R > 0. Let i, i > m, be an integer number, and 
let the parameters </? G (0, i?), C ^ C &e such that the closed cone /C^ is free 
from the spectrum of the operator pencil C 3 X ^ 2t(A). Assume that F is a 
function representable in the form F = J -\- G\r, where J G W^~™(M~;Xo) 
and G G H^^~^"'{Kq; Xq). In addition we assume that xF G Wq(]R;Xo), where 
X e C°°(M) is a compactly supported cutoff function, % = 1 m a neighbourhood 
of the point t — Then a solution u G Df (M) of the equation ^{Dt)u — F 
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can he extended to an analytic function Kq'^ 3 z ^ u{z) G such that: (i) 

the extension meets the inclusions u e C^~^~^(^Kq'^ U M; Xj^, inhere < j < 
ma.x{m,£ — 1}; (ii) for almost all t > the value \\Dl^"^u{z) — Df^^u{t)\\„i 
tends to zero as z goes to t by a non-tangential to M path in Kq'~^ . Moreover, 
Qi{Dz)u{z) = G{z) for z G Kq''^ , and the estimate 

i: / ||e-<^Di«(;.)||L, \dz\ < C(||J; Wj-™(M-;Xo)|p 

~^Je-'*R+ ^ ^ (4.4) 

+ \\G; Hl-"^{K^; X^) f + ||x( J + G);\N',(R; Xo) 
holds, where the constant C is independent of ip & (0,<^), J, G, and x- 



PROOF. Let p G C°°(M) be a cutoff function sucfi that p = 1 in a neigh- 
bourhood of the point t = 0, and px = P- Then ^{Dt)pu = pxF + [2t(-D(), p]?i, 
where pxF = pF G W^(R;Xo) and OTd[Ql{Dt) , p] < m — 1. The operator 
^{Dt) : D^(M) W^"'"(M;Xo) yields an isomorphism for aU s G M (Theo- 
rem 4.1). Hence we have pu G D^+'"(M) and 

\\pu; Dj+-(R)|| < C(||xF;W^(R;Xo)|| + ||F; W^^-(R; Xo)||). (4.5) 

By the Sobolev theorem the function pu G DJ+™(^)(= fljio ^j)) 
has traces (Difm){Q) = (Diu^{Q) G j < £ - 1, the estimates 

II (dIu) (0); X^II < \\pu- Dj+-(M) || , j = 0, 1, (4.6) 

hold. Then there exists an analytic function K"^ 3 z ^ ^{z) & X^ such that 

(pi^) (0) = {Din) (0) G J = 0, . . . , £ - 1, (4.7) 

||e-^^(i^^$)(^)||^|d^| <C(||xF;W^(R;Xo)|p 

+ ||F;W^-™(M;Xo)f), ^g[0,^]. 

One can find a function satisfying the conditions (4.7), (4.8) in the form 
e-^^ Yfj=oCijZ^ ^ where 7 G C and Oj G X^; cf. (4.5) and (4.6). From Propo- 
sition 3.13 together with (4.7) we get e{u - $) G nj^oWj"^(R+; X^) and, in 
particular, 9{u — ^) G D^(R); here 9 denotes the Heaviside unit step function. 
Due to the relations (4.7) the equality [2t(D(), ^](-u — $) = holds, where 
[-, ■] stands for the commutator [a, 6] = ah — ha. Therefore %{Dt)9{u — $) = 
9{F - 2l(A)$) = 9{G - 2l(L'^)$). Moreover, it is easy to see that DliG - 
2l(L>J$)(0) = for j = (Vj . , £-m- 1. The embedding result of Theorem 3.7 
states that G G C^-"^-i(X^; Xq). Thus we have D[^^{G - %{D,)^){^) = for 
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J = 0, — m — 1 and ip e [0, </?]. This together with Proposition 3.13 and 
the estimate (4.8) gives 



\\e{G -^{D,)^y,Hl-"^{K^;Xo)f < C(||J;Wj-™(M-;Xo)f 
+ Hl-"^{K^; X^) \\' + \\xF; W^(R; X^) f) . 



(4.9) 



As a consequence of Theorem 4.3 (see also Corollary 4.4) we get the estimate 



11^(1. - $); Dl{K^)r < c\\9{G - ^{D,)^); H^^-(Xo^ ^o)!!'- (4.10) 

Recall that Dl{K^) = nf^oHl'^K^; Xj). Hence by Theorem 3.7 we have 
the inclusions e{u - $) e C^-^-^(K^; Xj), where < j < max{m,£ - 1}; 



by the Sobolev embedding theorem with the same restrictions on j we have 
u e C^~^~^(E.; Xj). This together with the relations (4.7) proves the property 
(i). We also note that Dl~'^{eu - 6'$) is in the subspace H^(ii'^;Xm) of the 
space W°(]R;Xm); see (3.72). The property (ii) follows from Theorem 3.5, (i). 
It is clear that 'Qi{Dz)u{z) = G{z) for all z E Kq'^. The estimate (4.4) is 
readily apparent from the estimates (4.9), (4.10) and (4.8). □ 



4-2 Differential equations with variable coefficients 

The aim of this section is to give an analog of Theorem 4.5 for the case of 
equations with variable operator coefficients. We shall consider the equation 



Here 2l(-Dt) is the same as before, the coefficients Qo, ■ ■ ■ ,Qm are operator 
functions M 3 t i— > Qj{t) G ^{Xj,Xo) satisfying the following conditions: 

i. for a large T > and some a > the coefficients Qo, . . . , can be extended 
to holomorphic operator functions K^''^ 3 z ^-^ Qj{^) ^ ^{^j: ^o)! 

ii. for all n — 0,1, .. . the values \\D^Qj{z); ^{Xj, Xo)\\, j — 0, . . . ,m, uni- 
formly tend to zero as z ^ oo, z e K^''^ . 

If the operator functions M 9 t i-^ D^Qj{t) G ^{Xj, Xq), j < m, are bounded 
for all n = 0, 1, . . . then the operator (21(A) - Ef=o Qi(^) A™"^) : D^(K) ^ 
Wj-""(R;Xo) of the equation (4.11) is continuous for any £ e M and C e C. 
For simplicity we restrict ourselves to the case of an integer i >m. 



m 



Qi{Dt)u{t) -Y.Q,{t)DT-'u{t) = F{t), t e M. 



(4.11) 



j=0 



61 



We start with the subsidiary equation 

rn 

2l(D(^))C/^(^) -J:QA^)D'1;J'PI;M^) = G^{z), z e e-^-^R + w, (4.12) 



where w e K^'~^ and G [0, a]. Here P^J is the projection operator (3.64) with 
the parameter rj e n</)G[o,a] e^'^C"'" + (. The coefficients Qo, • • • , Qm are defined 

on the set e^^'^M + w fl i^^^'"*" as the analytic extensions of the correspondent 
coefficients of the equation (4.11). Without loss of generality we can assume 
that Qj{z) = ior z ^ K^'^ because supp{P~{,t/0} C K^'^ . Let us note that 
the norms of the operators 

are bounded uniformly in w e C; see (3.65). Since Qq{z), . . . ,Qm{z) satisfy 
the condition ii the mappings 

Wj-™(e-^'^R+ + w; Xj) 3 QjF e Wj-'"(e-''^M+ + w; Xq), j < m, 



tend to zero in the operator norms as w — > oo, w e K^' . Hence the operator 

m 

n:(^, A<^)) = E Qji^)D's;Kd^ (4-13) 

j=0 

0+(z, L'(^)) : D^ie-'^R + w)^ Wj-"^(e-^'^R+ + w; Xo) (4.14) 
tends to zero in the operator norm as w — > oo, w G K^'^ . 

Theorem 4.6 Let the coefficients Qo, .... Q„i of the equation (4.11) meet the 

conditions i, ii in some cone K^'^ , and let w G K^'~^ be a complex number 
with a sufficiently large module. Suppose that C G C, G [0, a] and < {}; 
here '& is the angle from the condition (2.45). // the line e*'^M + C fr^^ from 
the spectrum of the pencil C 9 A i— > 21(A) then the operator 

2l(D(<^)) - a+{z, D(^)) : Dj(e-'*M + w) ^ Wj-'"(e-'^M + w; Xq) (4.15) 

of the subsidiary equation (4.12) yields an isomorphism for all i > m, £ & Z. 

PROOF. By Theorem 4.1 the operator (4.1) with constant coefficients is 
invertible, and the norm of the inverse operator is bounded uniformly in w G C. 
Let us denote the inverse operator by 9^. Since the norm of the operator (4.14) 

tends to zero and the norm of 9^ remains bounded as w — > oo, w G K^''^ , the 
norm of the composition 

0+(^, D(^))!K : Wj-"'(e-''^R + w; Xq) ^ Wj-'"(e-'<^M+ + w; Xo) 
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is strictly less than 1 as far as w e K^''^ and l^j is a sufficiently large positive 
number. Then the operator (4.15) with variable coefficients is invertible, its 
inverse operator is defined as the Neumann operator series 

+00 

n=0 

□ 

Now we consider the operator (4.15) on the subspace D^(i^r^) of D^(e^*'^R+w), 
G [0, ip]. Let us verify that the operator 2t(D((^)) — 0.^{z, Di^^-^) continuously 
maps Dj(K^) to the space HJ-'"(/s:^; Xq) C Wj-™(e-^'^R + w; Xq). We have 
already studied the operator 2l(-D(<^)) on D^(ir^), therefore we only need to 
check the continuity of the operator £2+(^, D(^)) : Dj(X^) H[-'^{Kl] Xq). 

First of all we note that the norms of the operators 

DT^)'Ki ■■ ^Vi^l; X,) H^^-(X^; X,), 3 < m, (4.16) 

are bounded uniformly in -u; G C; see (3.70) and (3.74). The operators (4.16) 
have their images in W^-^^K^-Xj) n Wj-'"(e~''^K+ + w-Xj). Since the co- 
efficients Qj{z) are subjected to the condition ii, the operator norms of the 
mappings 

QPZ^Ki ■■ ^-'{Kl- X,) ^ Wf-{Kl- Xo), J < m, 

tend to zero as w — > 00, w G K^'^ . Hence the continuous operator 

£2+(^,D(<^)) : Dl^Kl) Wj-(i^S;Xo) (4.17) 

tends to zero in the operator norm as ^ 00, G K^''^. 

Theorem 4.7 Let the coefficients of the equation (4.11) meet the conditions i, 
ii in some cone K^'^ , and let w G fT^'^ be a complex number with a sufficiently 
large module. Suppose that ( E C, (p E {0, a] and ip < t?; here i9 is the angle 
from the condition (2.45). // the cone /C^ is free from the spectrum of the 
operator pencil C 9 A 1— > 21(A) then the operator 

21(^0)) -0+(^,i^(<^)) : DliK) ^ Hj-™(i^^;Xo) 

of the subsidiary equation (4.12) yields an isomorphism. 

PROOF. The proof is similar to the proof of Theorem 4.6. Indeed, by Theo- 
rem 4.3 the operator 2t(D((/,)) implements an isomorphism (4.3) and its inverse 
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operator is bounded uniformly in w e C It remains to note that under the 
assumptions of the theorem the norm of the operator (4.17) is sufficiently 
small. □ 



Now we are in position to extend the results of Theorem 4.5 to the case of 
equations with variable coefficients. The following theorem presents a more 
general result than Theorem 1.2 cited in the introductory part. 

Theorem 4.8 Let the conditions i, ii on the coefficients of the equation (4.11) 
he fulfilled in some cone K^'^ . Suppose that the polynomial operator pencil C 3 
A I— > 21(A) satisfies the condition (2.45) for some •& e (0, 7r/2) and R> 0. Let 

the angle ip E {0,a], (p < and the vertex ( E C of the cone K!^ he such 
that the closed cone IC^ is free from the spectrum of the pencil C 9 A i-^ 21(A). 
Assume that £ > m, £ E 'Z, and the right hand side F G W^^'"(M;Xo) of 
the equation (4.11) is representable in the form F = J + G \r, where J e 
Wj~'^(M- +T;Xo), G e Hj^'"(ir^;Xo), and T is a sufficiently large positive 
numher. In addition we assume that xF G Wq(R;Xo), where x £ C°°(R) is 
a compactly supported cutoff function, x = 1 in a neighhourhood of the point 
t = R. Then a solution u G D^(]R) of the equation (4.11) can he extended to an 
analytic function K^^ 3 z ^ u(z) G such that: (i) the extension meets 
the inclusions u G C^^^^^i^K"^'^ U 'K;Xj^, j = 0, . . . ,max{m, £ — 1}; (ii) for 

almost all t > R the value \\Dl~"^u{z) — Df~'^u{t)\\m tends to zero as z goes 
to t hy a non-tangential to M. path in K'^''^ . Moreover, the extension satisfies 
the following equation and estimate 

m 

%{DM^)-Y.Qji^)D7~'<^)-G{z), ^GX^'+, (4.18) 
/ ||e-<^DM^ + r)||,%-|ci^| <C(||xu;D^o(K)ll' 

^^QJe-^*^+ ^ (4.19) 

+ Hj--(ir^; Xo) f + \\x{J + G); W^(M; Xo)!!^) , 
where the constant C is independent of ip E {0,<p), J, G, and x- 



PROOF. Let p G C°°(R) be a cutoff function such that p = 1 in a neigh- 
bourhood of the point t^T, p{t) = for i < T - 1/2, and px = P- Then 

(21(A) - nj_i(i, Dt))pu = pxF + [21(A) - 0^-i(i, Dt),p]xu, 

where pxF = pF e Wj(M; Xq) and ord[2l(A) - 0.^-i{t, Dt),p]<m - 1. The 
operator 21(A) - ^r-iit, Dt) : D?(M) ^ Wr"*(M; Xq) yields an isomorphism 
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for all s > m, s e Z (Theorem 4.6). Hence we have pu e DJ+"*(R) and 

||p«;Dj+™(M)|| < C(||xF;W^(M;Xo)|| + ||x«; D^(M)||). (4.20) 
The function pu G flj^o ^c'''™""'^"''^' "^j) traces satisfying the estimates 

II (A'n)(0);X^|| < \\pu- Dj+-(R)||, J = 0, 1. (4.21) 

Let $ denote an analytic function 9 2; i— > $(2;) e such that 

(dI^) (T) = (dIu) (T) e X^, j = 0, . . . , £ - 1, (4.22) 

J2 / ||e-*^^(D^*)(^ + r)||^|d^l 

< C(||xF; W^(R;Xo)f + ||x«; D^oWir), ^ ^ [0,^]. 

By Proposition 3.13 we have d{- -T){u-^) e n^oWj~^(M+ + T;Xj). The 
equalities 

[21(A) - (t, A), ^(- - T)]{u - $) = 0, 

(2t(A) - (t, A))^(- - T)(« - $) = ^^(- - T)(G - 2l(A)$ + 0+(t, A)<f ) 

hold. Moreover, one can easily see that A(G'-2t(A)* + n^(t, A)$)(T) = 
for j = 0, m - 1. By Theorem 3.7 we have G e C^-"*-^^; ^o), thus 

for G [0, tp] and j = 0, — m — 1 we get 

D\^^{G - m(A)^ + Dt)^)\t=T = 0. 
This together with Proposition 3.13 and the estimate (4.23) gives 



||^(- - r)(G - 2l(A)^ + (i, A)$); Hj-(X|; Xo)|p 

< C(||xx.; D^oWlP + llC; W\-^{K-,X,)f + llxF; W^(R;Xo)|r). 
As a consequence of Theorem 4.6 we get the estimate 
||^(--T)(^-$);Dj(K^)f 

< c||^(- -t){g- 2i(A)$ + (i, A)$) ; hJ-™(a:^; Xo)||^ 



(4.24) 



(4.25) 



By Theorem 3.7 the inclusion e{- - T){u - ^) e C^'^-^K!^; Xj) is fulfilled 
for j = 0, . . . , max{m, i — 1}; by the Sobolev theorem for u e D^(M) we have 
u G C^~^~^(R; Xj) with the same restrictions on j. This together with the 
relations (4.22) proves the property (i). The property (ii) follows from Theo- 
rem 3.5, (i). It is clear that u satisfies the equation (4.18). The estimate (4.19) 
is a consequence of the estimates (4.24), (4.25) and (4.23). □ 
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Remark 4.9 In Theorem 4-8 the assumptions on the right hand side F G 
W^~"^(M; Xq) of the equation (4.11) are a priori fulfilled for all T > Tq if the 

function F can be extended to an analytic function K'^'^ 3 z F{z) G Xq 
satisfying the uniform in ip e [0,(p] estimate 

£ — 171 ,. 

V/ \\e-'^'D{F{z + TQ)\\l\dz\< Const. (4.26) 

^ ye-<V'M+ 

Indeed, from the estimate (4.26) it follows that the functions Kj^^ 3 z ^ 
DiF{z) G Xq, j = 0, . . . ,i — m, extended to Kj^^ by zero are in the class 
J^^(/C^g^; Xq); here )C^^ = Kj.^. Then by Proposition 2.14 have 

'Y. I , \\e-'^'DlF{z-rT)\\l\dz\<C, T > To, V e [0, 

We find an entire function C3 z^ ^{z) e Xq such that D^T) = DiF{T) 
for all j — 0, ...,£ — m — 1, and 

[ \\e-"^Wmz + T)\\l\dz\<C, i^e[0,^]. 



By setting G ^ ^ on K^'" and G ^ F on K^'+ we define G e Hj-"^(X|; Xq). 
It is clear that J ^ F - G E Wj-"^(R- + T; Xo). 



5 Appendix. Proof of Proposition 2.6, Lemma 5.1 
PROOF of Proposition 2.6. (i) Here we prove the representation 

2m{X - r)Y{n - A) 



for a function G ^j(/C^; X), where = {A G /C^ : SjA > '^Q and a/C^'+ 

is the boundary of /C^'^, the function (■ — rj)^ is analytic in /C^'^; cf. (2.14). 
The proof of the second representation (2.15) in Proposition 2.6, (i) is similar. 

Let us define the function Q G J^°(/C^; X) by the equality 

exp{i«;A}(A - 77)^.F(A) , A G /C^'+; 
^(A-C) = <^ IJ y C ' (52) 

exp{i«;A}(A - t)^.F(A), A G JC^'~. 
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To prove the representation (5.1) it suffices to estabfish that 



By the Cauchy integral theorem we have 



1 /•■R+i r 
5W = 2^i/. '^i 



6M 



(5.4) 



where it! > 0, the contour integration runs anticlockwise along the closed path 

^{a, V^, 0) = {/X : // = ae'-", ^? e 0] } U {/x : = ^e't 1/a < ^ < a} 

U {/X : = e'^/a, e [^/;, 0]} U {/x : = ^e'"^, 1/a < C < a}, < ip < (jx (p, 

and A is inside of the contour ^(i?, ^,0)(c /Cg'^). We will show that for all 
A e /Cq'^ the equahty 



JO ? — A JO 



e^'^C - A^ 



(i^ = lim lim / da f d/j, 

xp^O+ R-»+oo JR J'r^{a,ip,(p) /I — X 



(5.5) 

is fulfilled, where the limits are taken in the space X. The equalities (5.4), (5.5) 
prove the representation (5.3) (and consequently the representation (5.1)). 

Let us demonstrate (5.5). At first we estimate the norm in X of the integral 

JR J{iJ.:iJ.=aei^,'»e\il),4>W U — X JR 



iae^'^ d-d da. 



Interchanging the order of integration and applying the Cauchy-Schwarz in- 
equality, we get 



^+1 r't>g{ae'^)a 
R Jip ae*'' — A 



JR Jij, 

<(0-V^) 



dd da 



R+l 



tp \JR 
R+l 



a 



rep rH+l 

<C / \\G{ae 

Jib JR 



ae'^ - X 
)\?dad^. 



< (0 - ^) 

da 





g{ae'^ 


)a 


[ir 


ae''^ - 


X 



da d-d 



J^^'\\g{ae'^)\\^da\ dd (5-6) 
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In the same way we derive 



R 



{ti:t^=e^-^/a,-de[ip,4)]} fi — X 
R+1 



dfi da 



< 



R+l 



< 



R 
R+l 



Qie'''/a)/a 



dd da 



lip \JR 

<C / \\giae'^)\\^dadd. 

Ji> Jl/{R+1) 



e^la-\ 

||6?(e'7a)||V'cia) dd 



(5.7) 

Since Q G M'^{K.l;X), the integrals \\Q{ae}%\^ da, ///(^^i) \\Q{ae}^)f da 
are uniformly bounded and tend to zero as i? — s> +00. Consequently, the right 
hand sides of the inequalities (5.6) and (5.7) tend to zero as it! — > +00. 



Let us consider the integral 

/(V^, R) = da [ dfi. 

JR •^{M:A»=?e'*,l/a<?<a} A* — A 

For brevity, in the next formula we write [. . . ] instead of the integrand 
Interchanging the order of integration, we arrive at the formula 



/(^,i?) 



R+l 



da 



R 



1/a 



di 



/ dU da[...]+ dU da[...]+ dU da[. 

Jl/R Jr Ji/(R+1) Jl/i JR JR 

pR rl/R rR+1 

-- d^[...]+ dC{R + 1-1/01..]+ dt{t-R)[..: 

Jl R Jl (R+l) JR 



l/{R+l) 

Note that the last two integrals tend in X to zero as i? — > +00. Indeed, the 
estimates 



rl/R ^ rl/R 

/ (i?+i_l/^)^(^e^^)(^e^^_A)-ide <C ime'^^WdC, 

J1/(R+1) J1/(R+1) 



ll/{R+l) 



rn+i rn+i 

/ (e - R)g{^e'''){^e^'' - X)-U^ < C / im^e'^^n' d^, 

JR JR 

are valid, where the right hand sides tend to zero as i? ^ +00 whenever 
g e J^°(/Co ; X) and t/j e (0, (fi). We have proved the equahty 



ei^^-\ ^ Jo e^'t'^-X 



(5.8) 
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where arg A G 0), A 7^ 0, and < < (f> < ip. Due to the assertion l.(i) of 
Proposition 2.3, we can pass in (5.8) to the hmit as ip ^ 0+ and if—. As 
a result we obtain the equahty (5.5). The representation (5.3) is proved. 

(ii) To prove the assertion (ii) of Proposition 2.6 it suffices to show that the 
value ||^(A)|| uniformly tends to zero as A goes to infinity in the set {A £ 
: dist{A,9/Cn > e > 0}; here g G ^o°(^o;^) is identified with T G 
M'^{IC^;X) by the rule (5.2). For all < ^ < e we have 

= ^.1 ^ d^i=^ r g{\ + ge'^) da, 
2tti J\iu-x\=g ji — X 21: J Q 

ne^g{X)= / g{X + ge''')dagdg. (5.9) 
Jo Jo 

Using the Cauchy-Schwarz inequality, we deduce from (5.9) that 

7r'e^||^(A)||' <27r P gdg- f r \\g{X + ge''')f da gdg. (5.10) 
Jo Jo Jo 

Since the circle {//GC:|/i — A|=e}is contained in the set 

{/X G C : arg/i G [argA - 2e/|A|,argA + 2e/|A|], |A| - e < < |A| + e}, 
we have 

/ / \\g{X-rge'^)fdagdg<\ d^ \ \\g{ie^^^'^^^'^^)fidi 

Jo Jo J-2e/|A| J|A|-e 

= r # /'"^'||^(ee^("^'+^/l'l))ir(e/|A|)de 

J-2e J|A|-e 

<C # /'^'^'||e?(ee'(^^^+'^/'^l))||'(ie- 

J-2e J|A|-e 

(5.11) 

Due to the inclusion g G ^o°(^o ; ^) the integral Jj^^'+; ||^(^e*(argA+^/iA|))||2 
is uniformly bounded in t/' G [— 2e, 2e] for all sufficiently large |A| and tends to 
zero as |A| — >• +cxd. This together with (5.10) and (5.11) finishes the proof. □ 

Lemma 5.1 For any analytic function C"^ 9 A 1— > ^(A) G X satisfying the 
uniform in rj & C"*" estimate 

||^(. + r/);L2(R;X)|| <C(^) (5.12) 

there exists a function g G L2(M; X) such that for all X G C"*" the equality 

x/A^(A) - ,^^5^ ^ (iC (5.13) 

2m J -00 (loge-logA)V^ 

is valid; here we use the analytic in C+ \ {0} principal branches of logarithm 
and square root, the integral is absolutely convergent in X . 
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PROOF. Let R > and < 771 < 772- Prom the Cauchy integral theorem it 
follows the equality 



^/AJ^^(A) = /^^' da <f 
2m JR J% 



n<^,m,V2) (log// - log A)^ 



(5.14) 



where |3?A| < R, S^A G (?7i,'/72), and the closed contour "^(a, 772) is given by 
the formula 

'rf{a,rii,ri2) = {fi e C : IJ, = ^ + irii,^ E [-a, a]} 
U{n e C : n = a + i7],7] e [7]i, 7]2]}U{n e C : n = + iri2, ^ G [-a, a]} 

U{fi e C : fi = -a - ir],r] e [-772, -^i]}- 

Let us check that passing to the limit in (5.14) as i? ^ +00 leads to the 
equality 



2m \jR+ir,i (log// — log AjyTl Jm 



log A)^ 

Indeed, by Cauchy-Schwarz inequality we get 



R+iT,2 (log/t - log A)^ 



dfij . 
(5.15) 



/ da 

JR Jri 



J^{±a + 77/) 



drj 



(log(±a + ir)) — log A) -\/±a-M77 

|-f?2 / rR+l \ 

<(ri2-r]i)j IJ^ |log(±a + i77) -logA|~^| ±a + i?7|~Mal 

X lj^^^\\J^{±a + ir])\\^da] drj. 



(5.16) 



Here the integral J^'^^ \\J^(±a + 77/) |p da is uniformly bounded in 77 e M"*" and 
tends to zero as — > +00 due to the estimate (5.12). It is easy to see that 



rR+l 

/ I log(±a + 77/) — log A|~^| ± a + 777!"^ da 
Jr 

r+00 

< / (loga-log|A|)-V^da = l/log(i?/|A|) ^0, R^+00. 

JR 

Thus the right hand side of the inequality (5.16) tends to zero as i? — > +00 



(5.17) 



We now consider the integral 



R+i ra + 



R 



f 

a (log(e + ^V) - log A) vfTl^ ^^^^ = JJ---^ 

+ r"" (i?+i+^)[...]de+ r^'(i?+i-e)[...]cie, 

J-R-1 JR 



(5.18) 



where, for brevity, [. . . ] denotes the same integrand as in the left hand side of 
the equality (5.18), and 77 = 771 or 7/ = 7/2. The interchange of integrations in 
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(5.18) is legal because of (5.12) and the estimate 



/-too 
\log{^ + iri) - log X\~'^\^ + iri\~^ < Const{rj,X), X^R + irj. 
-oo 

Note that the last two integrals in (5.18) go to zero in X as — > +oo. Indeed, 
for the first of these integrals it follows from (5.17), (5.12), and the estimate 



n (P I 1 I n + ... 

J-R-i^ ^' (log(e + iv) - log A)vTTi^ ^ 

- (/_' jiog(e+^^)-iogAr^ie+i?7i-'c?e) (^J~^_jn^+iv)rd^y, 

a similar estimate is valid for the last integral in (5.18). 

It is easily seen that the first integral in the right hand side of the equality 
(5.18) tends to the first integral in the formula (5.15) (as R +oo) if rj = rji 
and to the second integral if = 772- We have shown that the right hand side 
of the equality (5.14) tends to the right hand side of (5.15) in the space X as 
R — > +00. The equality (5.15) is proved. 

On the next step we pass in (5.15) to the hmit as rji — >• 0+ and then as 
r]2 —>■ +00. As a result we get the equaUty (5.13) and complete the proof. 

Let us establish the uniform in 77 e [0, e] estimate 

/+00 
\log{i + iri) -log X\-^\i + ir]\-^d^ < Const{e,X), (5.19) 
-00 

where A G C"*" and e is a sufficiently small positive number, e << Q'A. If |^| < e, 
Tj G [0,e], and e is sufficiently small then + i?7| < exp(— 2max{l, | logA|}) 
and the inequalities 

|log(^ + i77) -logAI > |log|^ + i77|| - |logA| > | log |^ + zt^I |/2, 

I log(e + iv) - log AHe + iv\ > (log le + iv\)'\^ + iviM^ > (log 
hold. Let i? be a fixed number, R > max{l, |A|}. For ^ G [— -R, — e] U [e, R] we 
have 

I log(e + iv) - log A|-2|e + iv\-' < C(e), rj G [0, e]. 
Now the estimate (5.19) follows from the inequalities 

/+00 re 
\log{C + tv)-logX\-'\C + zv\-'d^<8 {log\^\)-'\C\-'dC 
-00 Jo 

/R r+00 
C(e) dC + 2j^ (logC - log |A|)-^r' d^ < Const{e, A). 
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Since (log(^+i?7)— log A) ^i^+ir]) tends to (log ^— log A) ^.^ ^/^as77^0+ 
for ^ e M \ {0}, and the estimate (5.19) holds, we conclude that 

||(log(.+i^)_logA)-^(-+ir7)-V2_(log.-logA)-H.)"'/';^2(M)|| - (5.20) 

as 1] ^ 0+. Proposition 2.2 asserts that every analytic function C+ 9 A i-^ 
^(A) G X satisfying the uniform estimate (5.12) has non-tangential boundary 
limits J^o e L2{R;X) and 

||J^(- + i7j) - j^o(-); ^2(M; X) II ^ 0, r]^0 + . (5.21) 

Having (5.20) and (5.21) we can pass in (5.15) to the limit as rji — > 0+. We 
have 

27rz yM (log// - log AjyTl JR+in2 [log II -log X).^ J 

(5.22) 

It remains to show that the second integral in (5.22) goes to zero in X as 
r]2 — > +00. Let R > max{l, |A|}. For all 77 > i? we have 

/+00 rR 
\logiC + iv)-logXn^ + iv\-'d^< / (log|r/|-log|A|)-2d^ 
-00 J-R 

f+00 

+2 / (logC - log jAr^r^ < Const{X, R). 

JR 

As a consequence we get 

\\{log{- + ir])-logX)-\- + ir])-^'^;L2{B)\\^Q, rj ^ +00. 

This together with (5.12) allows us to pass in (5.22) to the limit as 772 — > +00. 
The equality (5.13) is vahd for ^ = J^o- ^ 
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